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Abstract 
For most developing countries, the predominant source of sovereign wealth is commodity 
related export income. However, over-reliance on commodity related income exposes 
countries to significant terms of trade shocks due to excessive price volatility. The spillovers 
are pro-cyclical fiscal policies and macroeconomic volatility problems that if not adequately 
managed, could have catastrophic economic consequences including sovereign bankruptcy. 
The aim of this study is to explore new ways of solving the problem in an asset-liability 
management framework for an exporting country like Ghana. Firstly, I develop an 
unconditional commodity investment strategy in the tactical mean-variance setting for 
deterministic returns. Secondly, in continuous time, shocks to return moments induce 
additional hedging demands warranting an extension of the analysis to a dynamic stochastic 
setting whereby, the optimal commodity investment and fiscal consumption policies are 
conditioned on the stochastic realisations of commodity prices. Thirdly, I incorporate jumps 
and stochastic volatility in an incomplete market extension of the conditional model. Finally, 
I account for partial autocorrelation, significant heteroskedastic disturbances, cointegration 
and non-linear dependence in the sample data by adopting GARCH-Error Correction and 
dynamic Copula-GARCH models to enhance the forecasting accuracy of the optimal hedge 
ratios used for the state-contingent dynamic overlay hedging strategies that guarantee Pareto 
efficient allocation. The unconditional model increases the Sharpe ratio by a significant 
margin and noticeably improves the portfolio value-at-risk and maximum drawdown. 
Meanwhile, the optimal commodities investment decisions are superior in in-sample 
performance and robust to extreme interest rate changes by up to 10 times the current rate. In 
the dynamic setting, I show that momentum strategies are outperformed by contrarian 
policies, fiscal consumption must account for less than 40% of sovereign wealth, while risky 
investments must not exceed 50% of the residual wealth. Moreover, hedging costs are 
reduced by as much as 55% while numerically generating state-dependent dynamic futures 
hedging policies that reveal a predominant portfolio strategy analogous to the unconditional 
model. The results suggest buying commodity futures contracts when the country‘s current 
exposure in a particular asset is less than the model implied optimal quantity and selling 
futures contracts when the actual quantity exported exceeds the benchmark. 
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Chapter 1 
Introduction 
 
This study explores new ways of managing macroeconomic volatility in commodity 
exporting countries. As part of this study, I develop sovereign risk management models in the 
context of an Asset-Liability Management (ALM) framework. ALM helps to contain 
macroeconomic volatility through asset and liability matching, and by hedging the residual 
risks. My first contribution is in the form of an empirical extension of the parsimonious 
Nijman and Swinkels (2008) pension fund model to a much broader macroeconomic setting 
using new data while developing unconditional investment allocation strategies and optimal 
sovereign hedging policies for an exporting country like Ghana. As the strategies are 
designed in the static mean-variance framework, the optimal solutions are myopic and 
contingent on discrete-time realisations of deterministic return moments. However, 
preliminary investigation of the distributional properties of the data lend credence to the 
consensus view that the time-invariance assumption may be notoriously incorrect, warranting 
a continuous-time formulation. 
Indeed, in continuous-time, substantial empirical evidence reveals that optimal portfolio 
has additional hedging demands that insure against shocks to return moments. In an Arrow-
Debreu equilibrium setting, my second contribution is a mathematically tractable dynamic 
stochastic model in which the Hamilton-Jacobi-Bellman (HJB) Partial Differential Equation 
(PDE) provides the sufficient conditions for optimal allocation
1
. In this framework, the 
sovereign investment decisions are conditioned on the stochastic realisations of commodity 
prices. What distinguish this current work from earlier ones are the use of commodities data 
rather than equities as well as the explicit incorporation of sovereign liabilities, which have 
direct and substantial impact on the macroeconomic allocation and fiscal consumption 
decisions. Again, while numerical finite difference approximation methods are theoretically 
                                                      
1 It is important to note that the Hamilton-Jacobi-Bellman (HJB) equation satisfies the sufficiency (but not 
the necessary) conditions for optimality. This fact has been amply explained in the literature. For instance, see 
Ingersoll (1987). 
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appealing when explicit solutions are unachievable, the need to time partition the entire state 
space and the resulting discretisation errors have been often problematic. Consequently, 
unlike most previous work, I circumvent these potential difficulties by adopting a bicubic 
approximation of the corresponding exponential linear quadratic functional of the optimal 
control problem. 
Thirdly, I extend the conditional model to an incomplete market setting with 
discontinuous asset price dynamics where each of the state variables follow a square-
integrable adapted non-explosive Poisson counting process with stochastic arrival intensity. 
In this setting, I adopt and extend the double jump-diffusion dynamic stochastic model of 
Liu, Longstaff and Pan (2003) to study price and volatility jump influences on the conditional 
investment allocation decisions.  
Moreover, I account for partial autocorrelation, significant heteroskedastic disturbances, 
cointegration and non-linear dependence in the sample data. By adopting GARCH-Error 
Correction and dynamic Copula-GARCH models, I enhance the forecasting accuracy of the 
optimal hedge ratios used for the state-dependent dynamic overlay hedging strategies that 
guarantee Pareto efficient allocation.  
My unconditional model increases the Sharpe ratio by 13% and improves the portfolio 
value-at-risk and maximum drawdown by 7.23% and 18.6% respectively subject to an 
optimal commodities investment strategy of gold 70%, oil 19% and cocoa 11%. This is 
complemented by an overlay hedging programme that sells 1,300 and 575 cocoa and oil 
futures contracts respectively and buys 5,391 gold futures contracts. Meanwhile, the optimal 
commodities investment decisions are robust to extreme interest rate changes by up to 10 
times the current rate. In the dynamic setting, I demonstrate that momentum strategies are 
outperformed by contrarian policies, fiscal consumption must account for less than 40% of 
gross sovereign wealth (or 67% of net wealth) while risky investments must not exceed 50% 
of the residual wealth. I account for intergenerational risk sharing and fairness in resource 
allocation via an infinite horizon set up that involves progressively juxtaposing the future 
generation on the current ad infinitum. Moreover, the conditional model reduces option costs 
by as much as 55% while numerically generating state-contingent dynamic futures hedging 
policies that reveal a predominant strategy analogous to the unconditional model. The results 
suggest buying commodity futures contracts when the country‘s current exposure in a 
particular asset is less than the model implied optimal quantity and selling futures contracts 
when the actual quantity exported exceeds the optimal level.  
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However, before delving into the fundamental building blocks of the models, I perform a 
limited review of the finance and macroeconomics literature and critically examine various 
sources of macroeconomic volatility in developing countries. Furthermore, I discuss the risk 
management methods that have been adopted as well as the deficiencies that make current 
models woefully inadequate and that provide the theoretical and empirical justifications for 
the present study. 
 
 
1.1 Macroeconomic Volatility in Developing Countries 
The literature identifies two main sources of macroeconomic volatility: endogenous and 
exogenous shocks. Exogenous shocks are external to an economy and comprise terms of 
trade fluctuations, international financial crisis, natural disasters and political conflicts in 
other countries. Endogenous shocks include internal conflicts such as tribal and ethnic 
clashes, political instability, and economic mismanagement (Acemoglu et al (2003) and 
Ahmed (2003)). The literature is rife with empirical studies on the correlation between output 
or price volatility and sovereign income in developing countries. The consensus view is that 
endogenous shocks exacerbate output volatility while exogenous shocks affect commodity 
prices on the international financial markets. These commodity price fluctuations increase 
export income volatility even when output is relatively stable. Loayza et al (2007) observe 
that domestic policy-induced macroeconomic volatility is contained by reducing fiscal 
spending, keeping inflation low and stable and by avoiding price rigidity. This can be 
achieved by the government adhering to strict fiscal discipline, avoiding excessive borrowing 
as well as controlling the level of inflation and interest rates with effective monetary policy 
such as inflation targeting policy regimes introduced by central banks in most developed 
economies. 
For most developing countries, however, the bulk of sovereign wealth comes from 
commodity related export income. Some of these commodities are crude oil (Venezuela, 
Nigeria, Ghana and Brazil), copper (Chile and Zambia), gold (Ghana and South Africa) and 
cocoa (Ghana and Ivory Coast). In most of these countries, exports are highly concentrated in 
just a few commodities. This over-reliance on commodity related income exposes the 
countries to terms of trade shocks, which result from high commodity price volatility. For 
instance, at the height of the credit crisis, crude oil price rose from almost $50 per barrel in 
January 2007 to $147 per barrel in July 2008, the highest level in history since it has been 
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traded. Surprisingly, only 5 months later, the price drops to almost $30 per barrel. Since then, 
there has been a steady rise in the spot price, which stood at about $100 per barrel in March 
2013. The energy sector, agricultural commodities and industry metals have experienced 
similar patterns.  
The shocks are likely to cause fiscal imbalances in economies that depend on commodity 
related dividends, royalties and taxes. A fall in income following a decrease in commodity 
prices forces countries to reduce spending or incur more debts through increased borrowing. 
On the other hand, an increase in commodity prices creates a revenue windfall sometimes far 
beyond the economy‘s absorptive capacity thereby leading to overspending. Daniel (2001) 
observes that terms of trade shocks resulting from commodity price volatility, make it 
difficult for governments to project external borrowing requirements due to the inability to 
accurately forecast future revenues and financing needs. In the worst-case scenario, the 
country may default on maturing debt obligations making external financing inaccessible or 
at best costly. These problems make volatility of income in developing countries particularly 
high therefore requiring additional policy initiatives in order to ensure macroeconomic 
stability. One of the initiatives is the adoption of countercyclical fiscal policies in order to 
strengthen the economy‘s ability to contain output and price shocks. Counter-cyclicality in 
fiscal policy requires establishing precautionary savings or stabilisation funds in times of 
economic prosperity as insurance against any period of extended economic crisis and by 
tying fiscal spending to sovereign wealth to avoid excessive debts while maintaining 
macroeconomic stability.  
 
 
 1.2 Stabilisation Funds 
Lu and Neftci (2008) observe that some countries (e.g. Netherlands, Chile and Russia) have 
established resource funds, to save commodity-related revenue when prices are high, and to 
draw money for budget support when prices are low. They observe that resource funds tend 
to minimise budget disturbances resulting from price volatility and are a useful way of saving 
resources for future generations, especially if the resources are non-renewable. According to 
Daniel (2001) and Scherer (2009b), in the case of oil producers, the idea is that a stabilisation 
fund would help smooth out fluctuations in the international price of oil and stabilise the 
stream of government revenue. This would work by the fund accumulating resources when 
the international spot price is above its reference level and vice versa. For oil importers, the 
1. Introduction 
 
20 
 
fund would work in reverse, subsidising consumption when the spot price is above its 
reference level.  
However, as Daniel (2001) finds, stabilisation funds have proven to be woefully 
inadequate in many countries such as Mexico, Brazil, Chile, Venezuela and Equatorial 
Guinea. One reason why stabilisation funds fail to address the macroeconomic volatility 
problem is that the funds themselves are subject to output and commodity price shocks
2
. This 
is the case even where the funds have rigid transfer rules as international commodity prices 
do not have well-defined time-invariant equilibrium levels to which they can revert. Due to 
the ineffectiveness of stabilisation funds, many writers including Daniel (2001) as well as Lu 
and Neftci (2008) propose hedging using derivative financial instruments such as options as a 
more effective alternative approach. 
 
 
 1.3 Hedging 
To address problems associated with price volatility, a number of financial instruments that 
link debt repayments to commodity prices have been developed. These include GDP-linked 
bonds and commodity-linked bonds. However, use of these instruments as risk management 
tools is limited as there is currently not a big market for them as many of those who have 
invested in the traditional bond market shy away from commodity markets. Other instruments 
used in managing commodity price volatility are plain vanilla options, basket options, and 
barrier options among others. Lu and Neftci (2008) note that structured products such as 
sovereign Eurobonds with embedded options on commodity prices have also been used in 
some countries. Usage of sovereign bonds, therefore, enables countries to stabilise their 
economies by providing easy access to funding at reasonable cost. According to Larson et al 
(1998), other instruments commonly used for hedging price volatility include fixed for 
floating swaps, participating swaps and zero-cost collar and barrier options.  
A fixed for floating swap is a privately negotiated, financially settled forward contract 
whereby one form of risk is exchanged for another. Usually, a financial institution acts as an 
intermediary (swap desk) between the swap counterparties and is paid a fee. Fixed for 
                                                      
2 For instance, Setser and Ziemba (2009) as well as Scherer (2009) estimate that most Sovereign Wealth 
Funds (SWFs) including those of Abu Dhabi, Kuwait and Qatar lost close to 40% of their value between 2007 
and 2009. The losses have been attributed to the fact that the funds were ill prepared for the sudden drop in 
crude oil prices precipitated by the 2008 credit crisis and hence failed to invest in assets negatively correlated 
with oil prices and that generate pay-off in times when the funds lose money. 
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floating swaps tend to benefit both counterparties as each benefits from the comparative 
advantage of the other in the respective markets. In the commodity markets, the swap enables 
the commodity buyers to lock-in into the price of future purchases, thereby protecting them 
against adverse future price movements (Sempra, 2005). 
Swaps may be participating or non-participating. Non-participating swaps are common 
vanilla swaps such as fixed for floating swaps described above. A participating swap is where 
the contract is structured such that the commodity producer is hedged against any adverse 
movement in prices but still enjoys some of the benefit when there is a favourable movement 
in price. The producer is completely protected from any commodity price decreases. On the 
other hand, when there is an increase in price the producer benefits at the participation rate 
agreed at the start of the contract. This strategy is most useful where large upward moves in 
prices are anticipated while at the same time, prices look susceptible to sudden downward 
spikes. 
Call and put options are derivatives that provide the right but not the obligation, to enter 
into a long or short position at a specified price. Call options establish a maximum average 
purchase price for future consumption. They provide full protection from rising prices while 
allowing the buyer to benefit fully from decreases in prices. Calls are usually bought by 
commodity end-users. Put options establish a minimum average sale price for future 
commodity production. They provide full protection from falling prices while allowing the 
producer to benefit fully from increases in prices. Puts are usually bought by commodity 
producers. The buyer of the call or put option agrees to pay a predetermined cash premium 
for the protection. 
 Another type of derivative used for hedging is a collar. A collar is a low or zero-cost 
hedging strategy whereby the producer of a commodity is guaranteed a minimum and a 
maximum price for all sales in the future. With this type of contract, prices cannot fall or rise 
beyond the floor or ceiling price levels set at the beginning of the contract. The producer is 
allowed to decide either or both the floor and/or ceiling price levels. With this contract, the 
counterparty is usually not required to pay any premium upfront. However, the counterparty 
loses some of the benefit associated with favourable movement in price beyond the limits 
agreed. 
Hybrid strategies combine the basic building blocks of swaps and options to create highly 
structured derivative instruments that can be used for hedging risk exposures by commodity 
producers. There are different forms of hybrids, the most common of which are participating 
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collars, swaptions, cross commodity indexed swap and options as well as digital and barrier 
options, (Sempra, 2005). 
One country that has largely succeeded in hedging commodity price volatility and 
stabilised government revenue is Mexico. Mexico is the world‘s sixth largest oil producer 
with oil revenues accounting for a significant part of the country‘s GDP. In recent years the 
government has used the derivatives market to hedge its exposure to falling crude oil prices. 
The country‘s finance ministry currently handles the world‘s largest sovereign hedging 
programme.  For instance in 2010 the government managed to hedge 222 million barrels of 
its 2011 crude oil exports with put options, which cost over $800 million in upfront premium 
payments
3
. A reduction in crude oil prices during the period meant that Mexico made 
substantial gains because of the hedging programme. Again, in September 2012 it was 
reported
4
 that the country would hedge $200 million barrels of the next year‘s output with a 
put spread option. Under the contract, Mexico would be guaranteed a market price of $80 to 
$85 per barrel for its crude oil exports while the spread structure ensures that the country is 
protected against price decreases up to $60 per barrel before it becomes exposed to the 
market. 
 
 
1.4 Motivation 
Although use of hedging is recommended as a better way of managing sovereign financial 
risks than precautionary savings through stabilisation funds, and despite the fact that some 
countries like Mexico have managed to use hedging to successfully limit exposure to 
commodity volatility risks, examples abound for cases where sovereign hedging of 
commodity price volatility could not achieve the desired objectives. As an example, consider 
the experience of Sri Lanka
5
. Following the advice of the Sri Lankan central bank, Ceylon 
Petroleum Corporation (CPC), the Sri Lankan state oil refiner, entered into a contractual 
agreement with Citi bank and Standard Chartered bank to hedge the corporation‘s oil imports. 
They were initially presented with two strategic options; a basket option and a zero-cost 
collar hedging strategy. CPC, on the advice of the central bank, opted for the zero-cost collar 
strategy as they aimed to avoid any upfront payment of option premiums. A zero-cost collar 
                                                      
3 http://www.bloomberg.com/apps/news?pid=newsarchive&sid=avuBD7Q3l_mI 
4 http://www.reuters.com/article/2012/09/25/mexico-hedge-ft-idUSL1E8KPKRC20120925 
5 http://www.risk.net/asia-risk/feature/1509101/sovereign-hedging-lessons 
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strategy enabled CPC to set the ceiling (maximum) as well as the floor (minimum) prices for 
crude oil purchases. If the price rose above the ceiling, the contractual counterparties would 
indemnify CPC against the extra costs incurred. The indemnity is calculated as the market 
price less the ceiling price multiplied by the contract size. This meant that CPC was fully 
insured against any future increases in crude oil prices over and above the ceiling price set by 
the hedging contract. However, the zero-cost collar strategy also meant that CPC would lose 
any potential benefit because of the market price falling below the floor price. According to 
Marsh (2009) the floor price agreed turned out to be too high. Prices soon fell below this 
level as crude oil prices began to tumble resulting in a huge bill to the Sri Lankan taxpayer of 
nearly $1 billion. Marsh (2009) observes that the worst part of the hedging programme was 
that while CPC could not participate in any upside benefit should the market price fall below 
the floor price; a knockout clause ensured that Standard Chartered or Citi could exit the 
contract if market prices rose too high above the ceiling. Thus instead of reducing oil price 
volatility and stabilising government finances, sovereign hedging led to significant costs to 
Sri Lanka. 
Another classic example of sovereign hedging failure is Ghana
6
. In 1999, Ashanti 
Goldfields Corporation, the state owned mining corporation in Ghana hedged 50% of its 23 
million ounces of gold reserves by buying put options. At the time, Ashanti had anticipated a 
fall in the price of gold. The corporation‘s management on the advice of Goldman Sachs 
decided that put options that guaranteed a certain minimum price for gold exports was the 
best strategy to ensure protection against the expected fall in the price of gold. However, gold 
prices did not fall during the period. Rather, there was a sharp rise in market prices. The put 
option contract implied that Ashanti could not benefit from the price increases. Worse still, as 
the corporation had hedged as much as 50% of all its reserves, which was far in excess of 
annual production, it found itself in a precarious liquidity crisis, as it could not meet margin 
calls. The share price fell dramatically and in order to avoid complete bankruptcy, a 
negotiated takeover by a South African mining giant, AngloGold was agreed. Many people 
lost their jobs; Ghana did not only lose its shares in the corporation, it also lost a sense of 
national pride. Thus, what should have been an opportunity to secure the corporation against 
negative market price volatility led to the eventual collapse of Ashanti due to speculative 
hedging. 
                                                      
6 http://www.thefreelibrary.com/Ashanti+-+the+full+story.-a058064815 
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The sovereign hedging programme examples discussed above have been based on 
attempts to hedge risks of a single commodity. However, this approach overlooks the 
potential diversification benefits available to the economy when an integrated approach to 
risk management is adopted. An integrated approach to macroeconomic risk and wealth 
management has been suggested by most recent finance research in risk management, 
specifically asset and liability management (ALM). The ALM literature argues that where a 
country has more than one commodity or sources of income and expenditure that give rise to 
assets and liabilities on the balance sheet, then pooling together these assets and liabilities in 
a single portfolio enabled risks to be matched such that it is sometimes possible to achieve 
full self-insurance, which then avoided the huge costs that came with hedging in the 
derivative markets. If for any reason complete self-insurance is not possible, the residual risk 
could be hedged at a much reduced cost. This strategy sounds plausible and has therefore 
generated great interest in academic research. For instance, Gray, Merton and Bodie (2007) 
propose a contingent-claims analysis approach to managing default risk in developing 
countries based on the assets and liabilities on the sovereign balance sheet while Bodie and 
Briere (2011) propose a similar integrated approach for managing the entire sovereign 
wealth. However, as the focus of both papers was wealth management, they do not 
specifically address the macroeconomic volatility risks in the countries they chose to study.  
Caballero and Panageas (2005) also propose a stochastic model for managing sudden stops 
but do not explicitly solve the macroeconomic volatility problem.  
Scherer (2009a, 2010), Gintschel and Scherer (2008) as well as Martellini and Milhau 
(2010) have considered the problem in the context of sovereign wealth fund management 
with a particular focus on how to optimally invest the fund‘s reserves in other asset classes 
such as equities and bonds while Rudolf and Ziemba (2004) provide a dynamic model for 
pension fund surplus management. However, as these models consider risk management of 
specially set up resource funds, they have limited impact on the wider macroeconomic risks 
faced by a national government. This is because in as much as part of the resources is not 
transferred into the funds; the resources are not fully managed.  The implication of the current 
models is that if for example, transfers into resource funds were limited to 50% of export 
income, then only part of the macroeconomic risks associated with sovereign income would 
be managed to the total exclusion of the remaining half. On their part, Borensztein, Jeanne 
and Sandri (2013) fully solve the macroeconomic volatility problem using a regression-based 
model but do not consider sovereign liabilities.   
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I explicitly address the macroeconomic volatility problem in resource-rich countries. I 
adopt an integrated approach to sovereign risk management. What distinguishes this current 
work from the earlier ones is that the models discussed in this study account for all the price 
volatility risk in sovereign wealth. Additionally, the study deals with the systemic problem in 
a situation where the country relies on non-beneficial assets. In that case and where possible, 
I provide the theoretical and empirical justification for the country to diversify not just 
financially, but permanent macroeconomic diversification in the long-term when the results 
consistently indicate the necessity to reduce sovereign dependence on specific assets. Again, 
unlike earlier writers, I do not use the balance sheet approach, but consider the original 
sources of sovereign assets as well as liabilities using recent tools and techniques developed 
in the asset-liability management literature.  
 
 
1.5 Objectives 
To achieve the goals of the study and to ensure a structured approach to the research, the 
thesis addresses the following questions: 
(i) What are the causes of macroeconomic volatility risks in a developing country like 
Ghana?  
(ii) What are Ghana‘s assets and liabilities? What are the correlations? What are the 
risks? What do they mean for sovereign risk management? 
(iii) What are the most effective ways of managing the risks? 
 
Being able to find answers to these questions would enable me to propose a new way of 
ensuring macroeconomic stability through effective and efficient risk management in 
commodity exporting countries. As part of this study and in order to achieve the objectives, I 
consider the following empirical analyses: 
(iv) What would an unconditional investment strategy in commodities look like? 
(v) What would a conditional investment strategy in commodities look like? 
(vi) How would event risk and discontinuities in asset prices affect the optimal 
allocation to commodities? 
(vii) What commodity derivatives could be used to hedge the risk? What are the trade-
offs? Is it efficient to hedge all the risks?  
1. Introduction 
 
26 
 
(viii) What forecasting models could be used to improve the risk management 
framework? 
 
I believe that the success of the research will enable me to propose an effective way of 
managing macroeconomic stability in a developing country like Ghana through optimal 
allocation of resources and efficient asset-liability risks management. 
 
 
1.6 Layout of Thesis 
This thesis is presented in seven chapters.  In this first chapter, I introduce the risks faced by 
commodity exporting countries and examine the impact of price volatility of commodity 
exports on sovereign financial stability and other macroeconomic objectives. The chapter also 
evaluates strategies adopted by developing countries to manage risk exposure and the 
justifications for the current study.  
In Chapter 2, there is a review of some of the existing literature on asset-liability 
management, risk classification and risk management approaches available to a country that 
seeks to optimise scarce economic resources while decreasing exposure to terms of trade 
shocks and macro-financial stability. This review provides the academic context for the study 
and a frame of reference for the examination of the empirical data.  
Chapter 3 of the report addresses the problem in the static setting in the mean-variance 
framework. I  develop unconditional portfolio investment strategies using ALM techniques 
that ensure that optimal portfolio rules inures to the benefit of the country as measured by 
increase in Sharpe ratio and a decrease in value-at-risk (VaR) and maximum drawdowns. 
Stress tests of the results are performed by analysing the impact on the optimal portfolio 
investment rules of changes in liabilities using interest rate growth as proxy for sovereign 
liabilities. Again, by employing several forecasting models, I estimate hedge ratios that 
enable me to derive the optimal futures hedging strategies that make it possible to implement 
the model implied optimal portfolio policies. 
Chapter 4 examines the asset-liability problem in a dynamic stochastic setting under 
Arrow-Debreu equilibrium conditions. I characterise the sovereign ALM decision as a 
solution to a dynamic programming problem where the Hamilton-Jacobi-Bellman (HJB) 
Partial Differential Equation (PDE) provides the sufficient conditions for optimality. Within 
this framework, I develop optimal strategies first in an unconditional setting where asset 
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return moments are time invariant and then in a conditional setting where the macroeconomic 
volatility risk management decisions are conditioned on commodity prices. I first solve the 
problem from an assets-only perspective and then in a full surplus optimisation setting in 
which an asset-liability portfolio is constructed and suggest the conditional commodity 
investment strategies as well as the fiscal consumption policies that guarantee Pareto optimal 
efficient allocation.  
Chapter 5 of the report extends the analysis in the dynamic stochastic setting to an 
incomplete market environment with discontinuous asset price dynamics. Using dynamic 
programming tools, I numerically solve the optimal sovereign portfolio rules in the presence 
of event risks such as jumps and stochastic volatility. Additionally, I analyse the impact on 
the optimal strategies of changes in price and volatility jump sizes. 
In Chapter 6, I suggest a number of volatility hedging strategies in the conditional ALM 
setting and examine how various hedging strategies help to accomplish the sovereign risk 
management objectives. Moreover, I adopt a number of forecasting models to estimate 
dynamic hedge ratios that enable me to derive the optimal futures hedging programme that 
guarantees optimal utility gains for Ghana. 
Chapter 7 concludes the thesis with a summary of the significant conclusions from the 
research, identification of the limitations of the study and suggestions for future research. The 
limitations are discussed in relation to both the methodologies used as well as limitations of 
scope and provide suggestions about how the issues identified could be resolved in future 
research.
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Chapter 2 
Asset-Liability Management 
 
2.1 Introduction 
The traditional approach to maintaining sovereign financial stability has been the use of the 
central banks‘ monetary policy tools such as open market operations, minimum reserve ratio, 
minimum interest rate, capital adequacy and prudential requirements as well as inflation 
targeting regimes among others. However, these policies alone have been found to be 
ineffective if not accompanied by an adequate level of fiscal discipline on the part of the 
central government for which reason scholars such as Frankel (2011) propose alternative 
monetary policy regimes such as commodity price targeting in place of the usual inflation 
targeting regimes. 
Monetary and fiscal policies have direct impact on the present value of sovereign assets 
and liabilities. An effective way of ensuring macro-financial stability is to manage a 
country‘s assets and liabilities directly in an ALM framework. The risks of the assets in the 
case of a predominantly commodity exporting economy is the variability in income or 
uncertainty in the expected present value of assets due to the country‘s exposure to 
commodity price volatility.  
For a developing country that exports primary commodities, ALM would enable it to 
match liabilities with assets and to reduce the risks of the assets. The Financial Accounting 
Standards Board (FASB) of the United States of America defines an asset as a right to receive 
economic benefit as a result of past transactions or events. A liability is defined as an 
obligation to transfer economic benefit as a result of past transactions or events. These 
definitions imply that income received  as well as expected revenue receivable from 
commodity exports together with investments in external reserves constitute the assets on the 
balance sheet of a commodity exporting country. On the other hand, external debts in the 
form of multilateral debts owed to the IMF, bilateral loans owed to foreign governments, 
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sovereign bond issuances on the international credit markets as well as cost of imports and 
current account deficits would constitute a major component of the liabilities on a country‘s 
balance sheet.  The macroeconomic policy objective of the country would be to improve the 
balance of trade and to ensure financial stability. As developing countries‘ imports are 
predominantly secondary goods, these have less volatility in prices compared to the primary 
goods that they export. It is therefore difficult if not impossible to achieve favourable balance 
of trade. The main policy focus should then be to ensure macro-financial stability through 
asset-liability management.  
This chapter begins the review of the literature on asset-liability management (ALM). In 
section 2.2, I review ALM approaches. Section 2.3 examines different types of asset-liability 
risks while section 2.4 enumerates applicable ALM techniques. I conclude the chapter with a 
summary in section 2.5. 
 
2.2 Asset-Liability Management (ALM) 
Asset-liability management (ALM) is defined by the Society of Actuaries (SOA, 2003) as 
follows: 
―ALM is the on-going process of formulating, implementing, monitoring and revising 
strategies related to assets and liabilities to achieve an organisation's financial 
objectives, given the organisation's risk tolerances and other constraints.” 
ALM is therefore a means of managing the risks that arise from changes in the 
relationship between assets and liabilities. Prior to the 1970s, losses accruing from asset-
liability mismatches tended to be minimal as interest rates in developed countries varied little. 
However, financial firms began to increasingly focus on ALM as they sought to maintain a 
mix of loans and deposits on the balance sheet in order to achieve specific risk management 
and long-term growth objectives. ALM committees were set up to oversee the process. In 
recent times, ALM has been adopted by many organisations including financial and non-
financial institutions as they seek to address different types of risks. ALM techniques have 
also evolved over the years and are now heavily dependent on hedging, reflecting the current 
growth of the derivative markets. For example, while manufacturers seek to hedge against 
fluctuations in input prices, airliners also use hedging to mitigate the risk of adverse 
movement in fuel prices (Currie and Velandia, 1999). 
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2.2.1 ALM Approach for Companies 
Traditionally, ALM is practised by firms that face budgetary restrictions due to unpredictable 
business conditions. The firm may want to maximise profit or net assets even in the face of 
these uncertainties until it has reached the stage where the corresponding costs of risk 
reduction far outweigh the expected benefits. In this context, risk is measured as the volatility 
of profit or net worth. More generally, risk is perceived as anything that has the tendency to 
potentially reduce profit or cause negative returns or bankruptcy. Central to the ALM strategy 
is hedging or immunisation of one side of the balance sheet by the other. However, matching 
does not need to be complete as banks usually borrow money at short maturities and lend at 
longer maturities. This maturity mismatch enables the firm to make profits through risk 
management, as their return is a function of the embedded risks in the maturity structure, 
although it exposes the firm to liquidity risks. Liquidity risks result from the inability to 
liquidate assets or to rollover liabilities, and if unchecked, could have unimaginable 
consequences including insolvency (Currie and Velandia (1999), Das et al (2012) and 
Cassard and Folkerst-Landau (2000)). 
ALM as a risk management tool suggests that risks that cannot be hedged can 
nevertheless be controlled through diversification. Thus, ALM enables firms to identify 
potential risks that threaten profit maximisation, enabling them to quantify those risks and 
suggest appropriate risk management strategies. 
 
2.2.2 ALM Approach for Sovereigns 
Like corporate bodies, sovereign net worth is subject to uncertainty. However, two main 
factors that distinguish sovereigns from corporates are the ability to raise taxes and the fact 
that they are not profit maximisers. These two distinctive features have significant 
implications for risk management. For example, society pays taxes to government in 
expectation of receiving public services in return. The possibility that the appropriate level of 
services cannot be provided or may be curtailed at a given level of taxes could result from 
sovereign illiquidity or insolvency. More formally, government policy objectives and by 
association, its risk definition are affected by sovereign debt and tax policy. Two streams of 
economics literature deal with optimal combination of debt and taxes. When faced with 
unexpected shocks that cause permanent reduction in fiscal income or an increase in the value 
of sovereign liabilities, tax smoothing and default risk literature explain why it is incumbent 
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on government to manage assets and liabilities to minimise the possibility of raising more 
taxes or the need to curtail public services. According to the tax-smoothing literature, taxes 
create inefficiencies, increase macroeconomic volatility, depress consumption and encourage 
short-term savings. This jeopardises government‘s ability to make long-term investment 
decisions. Nevertheless, where debt levels are high and government is faced with liquidity 
risk, the option is to increase taxes if it is to avoid default on maturing debt obligations. Then 
again, there is a limit to how much tax government can raise. The default risk literature on the 
other hand emphasises debt servicing and cost of default. According to Currie and Velandia 
(1999), this includes: 
i) Loss of output due to economic recession. 
ii) Systematic risks caused by the insolvency of financial institutions that hold 
government bonds in their debt portfolios. 
iii) Income redistribution from debt-holders to non-debt-holders. 
iv) Higher costs of borrowing and loss of reputation. 
v) Higher costs of private sector borrowing due to the government‘s loss of 
reputation or credit downgrade. 
The two streams of literature therefore suggest that higher taxes decrease welfare and 
erodes government‘s ability to raise more taxes in the future and so must be avoided. One 
way government can reduce overdependence on taxes is to avoid situations where liabilities 
permanently exceed assets and reserve taxes for when there is an emergency. Government 
must immunise liabilities with assets so that their values rise or fall together in response to 
interest rates or exchange rate shocks. 
Thus, government can apply ALM strategies to the sovereign balance sheet just as private 
firms do. ALM in this case must include detailed analysis of the sensitivity of sovereign 
assets and liabilities to macroeconomic variables in order to make immunisation less 
complex. A careful risk identification process should enable government to take advantage of 
potential diversification benefits offered by the correlations between assets and liabilities by 
constructing asset-liability portfolios. A more systematic and holistic approach to risk 
management can thus be implemented as opposed to dealing with individual balance sheet 
items (silo-hedging). This all-inclusive portfolio approach helps to optimise net worth and 
reduce risks thereby improving macroeconomic stability and growth (Currie and Velandia 
(1999), Das et al (2012) and Cassard and Folkerst-Landau (2000)). 
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2.3 Types of Asset-Liability Risks  
The issue of jointly managing assets and liabilities has arisen in many industries such as 
banking, insurance and pension funds in recent times. This is because, the traditional 
approach of managing risks based on the risk type (credit risk, liquidity risk, interest rate risk 
etc.), has been found to be no longer effective. According to Romanyuk (2010), many 
organisations, including financial institutions view risks from an event driven perspective. 
They therefore classify risks according to the events that cause potential losses. From this 
perspective, the Global Derivatives Study Group (1993) classifies financial risks into three 
broad categories namely; market risk, liquidity risk and credit risk. According to the Group, 
market risk is the risk that results from changes in market price of commodities or other 
assets such as stocks and bonds, interest rates or market indexes. Market risk also includes 
the risk of exposure to unexpected changes in basis and correlation risks. Basis risk is the 
mismatch between the derivative price of an asset or commodity and the spot price while 
unexpected changes in the correlation of the underlying risk factors are called correlation 
risk. Volatility risk can also be classified under market risk. 
Liquidity risk is the risk that cash inflow may not be sufficient to cover liabilities or 
maturing debt obligations. According to Rosen and Zenios (2006), the inability to raise 
adequate resources to finance profitable investment opportunities is called funding liquidity 
risk while trading liquidity risk exists when it becomes costly or impossible to sell off assets 
or enter into new positions to hedge current exposures as the need arises. 
Credit risk on the other hand refers to the risk that a firm or a sovereign would be 
unwilling or unable to meet maturing debt obligations. This may arise from sheer dereliction 
of duty or out of genuine inability due to lack of adequate financial resources. Indirect credit 
risk relates to the impact of the credit quality of a third party not directly related to a financial 
transaction that causes changes in the present value of cash flows. For instance, a credit 
downgrade of a country would affect contracts entered into by other counterparties within the 
country depending on the term structure of interest rates. 
 
2.4 ALM Strategies and Techniques 
There are several risk management tools and techniques used in asset-liability models. Most 
of these tools are also used in portfolio allocation strategies. These can be grouped into two 
broad categories namely static models and stochastic models. 
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2.4.1 Static Models 
This class of ALM models is suitable for modelling where expected changes in risk variables 
are small but well defined. Markowitz (1952) mean variance model is a classic example in 
this category. Where single period static models are used, typical asset liability management 
strategies would comprise Immunization, Dedication, Gap Management, Duration analysis, 
Value at Risk and Mean-Variance Analysis. 
The concept of Immunisation was introduced by Redington (1952). He defined 
immunisation as the process of matching the distribution of the terms of assets and liabilities 
in order to reduce the possibility of loss due to changes in interest rates. De la Grandville 
(2007) on his part observed that the impact on an investor (a bondholder) of changes in 
interest rate largely depends on the investor‘s horizon. An investment horizon can be short or 
long and is calculated as the weighted average of a portfolio‘s times of payment where the 
weights depend on the present value of cash flows. He referred to this as duration and 
observed that the duration of a portfolio corresponds to the first moment and that it is possible 
to have higher order durations. For example, convexity, which describes the second moment 
of a portfolio‘s duration, is very popular in risk management. However, De la Grandville 
(2007) finds that despite the importance of the concept of duration matching in portfolio risk 
management, it is not known how many moments should be used due to lack of an effective 
analytic model. He therefore tried to develop a general framework of immunisation that is 
also analytically tractable. 
Another important risk management strategy widely used in practice is Dedication. 
Romanyuk (2010) describes portfolio dedication as the process of obtaining full self-
insurance against risk exposures by matching asset and liability cashflows. Where asset and 
liability cashflows cannot be fully matched, the difference between the cashflows is referred 
to as an asset-liability gap. The process of managing a negative gap where liability cashflows 
exceed cashflows of assets is called gap management. On the other hand, surplus 
management refers to the process of trying to reduce the cashflow mismatch where assets 
cashflows exceed that of liabilities. To allow greater flexibility and more realistic allocation 
of resources, these processes have sometimes been extended to take into account uncertainty 
and multi-period horizons. For example, Monfort (2008) investigates portfolio immunisation 
in the context of assets and liabilities where there are random events. Albrecht (1985) as well 
as Gajek (2005) studies immunisation strategies in the presence of stochastic interest rates 
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while Zenios (1995) extends static immunisation and dedication strategies to accommodate 
stochastic processes using Monte Carlo simulations. 
Gap Analysis measures the magnitude of any mismatch between assets and liabilities due 
to a maturity gap or a funding gap. This is used when assets and liabilities have different 
maturity profiles.  The model examines the repricing gaps between assets and liabilities of 
different maturities. Repricing gap can be negative or positive. A negative repricing gap 
exists where liabilities are repriced earlier than assets. On the other hand, a positive repricing 
gap is where assets are repriced first. Repricing gaps measure the net interest income 
exposure to changes in interest rates in different maturity buckets (Consigli, 2007). 
Another important static model is Duration Analysis. This model takes into account the 
different timings of the arrival of cash flows and the maturity of assets and liabilities and 
measures the sensitivity of interest rates on assets and liabilities. According to Consigli 
(2007), this is calculated as the weighted average time to maturity of the present value of the 
cash flows. The greater the duration, the higher the sensitivity of the price of the asset or 
liability to changes in interest rates. The aim is to ensure complete immunisation by matching 
the duration of assets and liabilities. ALM would then aim at reducing the mismatch between 
durations. This can be done in two ways: Asset driven or liability driven strategies. Whether 
asset or liability driven, the strategy adopted will depend on whether duration of assets is 
greater or lower than that of liabilities. Assuming that duration of assets is greater, an asset 
driven strategy would be to shorten the duration of assets in order to match duration of 
liabilities. This can be done through securitisation. Long-term asset portfolios such as finance 
leases and hire purchases are sold and the proceeds invested in short term assets or used to 
pay off short term debts. A typical liability driven ALM strategy on the other hand would 
focus on actions that increase the maturity profiles of liabilities. These would include 
financing assets with long-term debts, issuing more equity, convertible preference shares or 
convertible debentures. Other instruments that can be issued are redeemable debts, 
subordinated debt instruments as well as term loans. Where asset duration is lower than 
liability duration, bridging the gap would be necessary where interest rates are expected to 
rise. In that case, the strategy would be the exact opposite of asset and liability driven 
strategies discussed for the situation where asset duration exceeds that of liability. 
Value at Risk (VaR) Model is used to measure the market risk of a portfolio of assets 
and liabilities with a particular focus on the tail risks due to non-Gaussian distribution of 
asset returns. It is a measure of the maximum expected loss over a target horizon at a given 
confidence interval. It is a quantile-based measure of risk related to the percentiles of 
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probability distributions usually, 95
th
 or 99
th
 percentile, which correspond to 95% and 99% 
VaR respectively (Martellini, Priaulet and Priaulet, 2003). The data used in VaR models 
come from many sources. They are based either on the historical market price and volatility 
observations or on Monte Carlo simulated market price distributions. 
Most of the models discussed so far have certain disadvantages that limit their usefulness 
in modern time asset-liability management. For instance, gap management and duration 
analysis when used independently as risk management techniques, suffer from the inability to 
analyse risk sensitivity at different scenarios. Simulations enable the adoption of computer 
power to perform what-if-analysis for different scenarios including, for example, changes to 
interest rates, linear and nonlinear perturbations in the yield curve among others. This 
dynamic capability introduced by simulation enhances the benefit of the traditional methods 
and provide more accurate information about sensitivity of assets and liabilities to changes in 
economic variables such as interest rates. However, use of simulation models require 
substantial amount of time and resources. Again, data may not be readily available to make it 
possible for the differential impacts of sensitivity of assets and liabilities on several 
underlying variables to be accurately assessed. Due to these disadvantages, the most widely 
used static model is the mean-variance framework a detailed discussion of which can be 
found in the next chapter. 
 
2.4.2 Stochastic Models 
Contrary to static models, stochastic models directly account for risks where return 
distributions are affected by random events. Stochastic models allow investors to reverse 
investment decisions when market conditions warrant by changing the compositions of their 
portfolios over the investment horizon. This optionality is modelled by allowing assets and 
liabilities to evolve randomly over time according to a specified stochastic process. 
Romanyuk (2010) identifies four categories of stochastic ALM models, namely decision 
rules, scenario analysis, stochastic programming and stochastic optimal control models. Of 
these, the most important and frequently used models are the stochastic programming and 
stochastic optimal control methodologies, which I discuss next.  
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2.4.2.1 Stochastic Programming 
In this class of ALM models, uncertainty is modelled as a branching tree in a discrete time 
setting. Each node of the tree corresponds to a particular outcome representing the joint 
realisation of random events. The size of the model depends on the number of outcomes at 
each node. An important requirement is that scenarios with the same history up to a particular 
time should lead to the same portfolio strategy. In other words, the trading strategies must be 
independent of any knowledge or information about the actual course of future events. As 
Consigli and Dempster (1998) explain, this is because each decision or trading strategy is 
adapted to the σ-field generated by the filtration or the data generating process. This feature is 
referred to as ‗non-anticipativity’. The tree structure makes it possible to incorporate into the 
model, scenarios with high impact although the probability of occurrence may be low. This 
model is also used where investment decisions are reversible. Stochastic programming 
models can also accommodate many decision variables that reflect the multiplicity of 
investment objectives and constraints. The most popular examples of stochastic programming 
ALM approaches are stochastic linear programming with recourse and multistage stochastic 
programming with decision rules.  
An important stochastic programming model is that of Carino and Turner (1998) who 
observe that dynamic strategies can result in significant skewness being created in the 
probability distribution of wealth. This skewness, they find, can be enhanced by adding 
derivative instruments to the portfolio. They therefore propose an approach based on 
stochastic programming in a multi-period setting. Their most significant contribution is the 
approach to measuring risk, a major component of which is the separate definitions of 
unexpected positive returns and unexpected negative returns. Moreover, their risk measure, 
which they refer to as ‗penalised shortfall’, expresses risk in a way that is tangible and 
therefore more meaningful to the ordinary investor. They define risk as anything that is 
undesirable to an investor and that can be quantified by measuring against a given threshold. 
The undesirable outcomes that investors avoid are called ‗embarrassments’. In their approach 
to the optimisation problem, Carino and Turner (1998) use an objective function modelled as 
a convex function in order to penalise embarrassments.  Other specific measures used to 
quantify risk or embarrassments are wealth threshold, benchmark portfolio wealth target and 
benchmark portfolio rate of return target. The function recognises the trade-off between 
wealth maximisation and risk minimisation. Again, the objective function maximises 
expected wealth less a risk measure and trades-off the desire for more wealth against the 
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desire to reduce embarrassment. Some commercially successful stochastic programming 
models include the computer-aided asset-liability management (CALM)
7
 model (Consigli 
and Dempster, 1998) specifically developed for pension fund ALM modelling, the Towers-
Perrin
8
 model (Mulvey and Thorlacius, 1998) aimed at investment fund management and the 
Russell-Yasuda-Kasai model (Carino and Ziemba, 1998) especially useful for ALM in the 
context of life insurance. 
Despite the commercial success of stochastic programming models, they are mostly not 
continuous time models, not mathematically tractable and lack the elegance of stochastic 
optimal control approaches. Furthermore, stochastic optimal control models are supported by 
a well-grounded conceptual framework in financial economics and therefore more intuitive 
and can be generalised as an equilibrium model. Consequently, the dynamic sovereign ALM 
strategies I propose in this study are stochastic optimal control models and have been 
discussed in detail in Chapter 4. 
 
2.5 Summary 
As we have seen from the literature, a number of countries (Mexico, Chile, Sri Lanka, and 
Ghana) have tried to manage volatility risks using the so-called silo approach. The silo 
approach to risk management implies using derivatives to hedge price volatility of individual 
commodities. However, this approach has been found to be inefficient, as it does not consider 
the diversification benefits available through portfolio construction. Matching assets with 
liabilities in a portfolio and then hedging just the residual risk has been found to be more 
beneficial and less costly as only the systematic risks are hedged while all idiosyncratic risks 
are diversified away. The benefits come from using ALM models that enable a country to 
                                                      
7 The CALM model is a scenario based multi-stage discrete-time dynamic stochastic ALM model with 
recourse. The model utilises optimisation tools such as the simplex method, interior point algorithm, nested 
Benders decomposition or augmented Lagrangian functions. 
8 The Towers-Perrin model is based on stochastic programming with decision rules. In this program, 
decision variables are indexed over time and over the state of the organisation but not necessarily over 
scenarios. It is usually used as a fixed-mix portfolio strategy which requires that over-performing assets are sold 
and underperforming assets purchased at the end of a given investment horizon in order to maintain a targeted 
level of investment categories of say 55% stocks, 10% bonds and 35% commodities. The proportion of each 
asset in the investment portfolio is fixed across all times and scenarios while portfolio rebalancing is required at 
each stage. Another example of a commercially implemented stochastic program with decision rules is the 
Falcon Asset-Liability Management model developed by Mulvey, Correnti and Lummis (1997). Despite their 
popularity, a major criticism of decision rules based stochastic programs is the tendency for the objective 
function to become non-convex making it difficult if not impossible to find the global optimum. 
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exploit the low inter-commodity covariance as well as the negative correlations that exist 
between the commodities and the liabilities. While the mean-variance is currently the best 
ALM approach in the static setting, stochastic programming models are very popular for 
multi-period ALM problems and have achieved significant commercial success. However, 
most stochastic programming models currently available are not continuous time models and 
not mathematically tractable. Stochastic optimal control models, which have attracted greater 
attention in the academic and professional world, offer the continuous-time solution to the 
ALM problem. In addition to their mathematical elegance and tractability, they have been 
found to be more intuitive and are supported by a well-developed conceptual framework in 
finance and economics.  
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Chapter 3 
Mean-Variance Asset-Liability 
Management  
 
3.1 Introduction 
In this chapter, I answer three of the important questions this study seeks to address namely: 
(i) What would an unconditional investment strategy in commodities look like? (ii) What 
commodity derivatives could be used to hedge the risk? What are the trade-offs? Is it efficient 
to hedge all the risks? (iii) What forecasting models could be used to improve the risk 
management framework?  I address the above questions using a mean-variance asset liability 
management (ALM) approach. 
ALM derives its greatest advantage from the diversification benefits that results from 
pooling a sovereign‘s assets and liabilities together in a portfolio. Pooling assets and 
liabilities enables idiosyncratic or diversifiable risks to be diversified away leaving only 
systematic or non-diversifiable risks. The principle of risk diversification is at the heart of the 
theory of portfolio allocation and asset-liability management. For optimal allocation of assets 
and liabilities, the finance literature is replete with both theoretical and empirical findings, 
which show that managing commodity risks on a portfolio basis has potential diversification 
benefits. For instance, Proelss et al (2008) investigate the diversification properties of 
commodities. They find that commodities are an excellent diversifier of portfolio risk and 
that adding commodities to a portfolio greatly improves efficiency. They observe that before 
deciding which assets to include in a portfolio, it is necessary for every investor to ensure that 
the relevant assets have certain desirable properties. According to them, the asset risk 
premium, the variance, skewness and kurtosis of return distribution, correlation with other 
assets in the portfolio as well as how the asset is correlated with inflation is important. 
Proelss et al (2008) observe that commodities generally have low risk premia, which make 
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them excellent candidates for portfolio diversification rather than as standalone investments. 
Again, they observe that while other asset classes such as stocks and bonds are negatively 
correlated with inflation, there is a high positive correlation between commodities such as oil 
or gold and inflation. Therefore, in times of high inflation, commodities do well while stocks 
and bonds perform poorly. Commodities are therefore a natural hedge against inflation risk 
when included in a portfolio. Moreover, they find that commodities perform better than other 
assets in times of economic contractions or recessions.  
Other important features of commodities that make them good risk diversifiers are the 
correlations between commodities as well as the low and negative correlation with other 
assets. For example, Proelss et al (2008) observe that there is low correlation between oil and 
gold as well as low and negative correlation between these commodities and other assets such 
as real estate, stocks and bonds. Combining commodities and other assets therefore improves 
diversification and efficiency of portfolios. Furthermore, commodities have positive 
skewness and high kurtosis. While excess kurtosis has been found to have a negative effect 
on risk diversification, the presence of high positive skewness makes commodities good 
portfolio diversifiers. Proelss et al (2008) conclude that mixing different types of 
commodities in a portfolio leads to noticeable improvement in efficiency. However, to ensure 
that maximum benefit accrues to the investor, Proelss et al (2008) advise that the individual 
portfolio weights must be positive and not greater than 30% in order to ensure that the 
portfolio is not dominated by any single asset. 
Apart from assets in the form of commodity related export income, developing countries 
also have liabilities. Hovenaars et al (2008) study the intertemporal covariance structure of 
assets and liabilities as well as the impact on portfolio efficiency for an investor with risky 
liabilities subject to inflation or real interest rate risk. Using a mean-variance ALM approach, 
they show that commodities possess the best diversification properties and were the most 
efficient means of hedging inflation and liabilities than other asset classes.  
The rest of the chapter is structured as follows: I perform a limited review of the literature 
on the concept of mean-variance optimisation in section 3.2.  I discuss the methodology for 
the static sovereign ALM strategies in section 3.3. In section 3.4, I discuss competing 
methodologies of hedge ratio estimation. In section 3.5, I consider a real world sovereign 
ALM problem using Ghana as a case study. I perform empirical analysis in section 3.6 while 
the results are presented in section 3.7. In section 3.8, I present and discuss the sovereign 
hedging strategies available to Ghana and provide a summary in section 3.9. 
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3.2 Literature Review 
The Mean Variance (MV) optimisation is the classical paradigm for portfolio optimisation. 
The concept was first introduced by Markowitz (1952) in his pioneering work on portfolio 
allocation under uncertainty. His investigation into optimisation techniques led to the 
discovery of the so-called portfolio efficient frontier and optimal mean variance portfolios; a 
significant work that would later earn him the Nobel Prize in Economics in 1990. He defines 
the portfolio efficient frontier as the set of portfolios that yield the highest level of return at a 
given level of risk. Roy (1952) building on Markowitz (1952) proposes the choice of 
portfolios that lie along the efficient frontier and that maximise the ratio of mean return to 
standard deviation. In other words, optimal portfolios are those with the highest market price 
of risk or the highest return to risk ratio. Tobin (1958) observes that the risk free bond or cash 
has no risk; therefore, its variance is zero. He proposes the formulation of efficient portfolios 
made up of risk free instruments (with zero variances) to be included with various 
combinations of risky assets. According to him, this is necessary because it satisfied the 
investor‘s preference for liquidity as well as improved mean variance efficiency. 
Improvement in mean variance efficiency comes from the risk free asset‘s diversification 
effect on the portfolio because while it contributes positively to portfolio returns, its 
contribution to risk or portfolio variance is zero. These types of efficient portfolios are known 
as tangent portfolios. They are so called because they lie along the point on the efficient 
frontier where a line drawn through an intercept represented by the return of the riskless asset 
on the y-axis is tangential to the efficient frontier. 
Merton (1972) observes that the efficient frontier is a parabola in the mean variance space 
but a hyperbola in the mean standard deviation space. For this reason, the MV approach to 
portfolio optimisation minimises portfolio variance utilising correlations between the returns 
of the securities in the portfolio, while the extent of risk reduction achieved through 
diversification is dependent on the actual correlations. For example, for a given portfolio 
consisting of two securities, 100% risk reduction is achieved through diversification if the 
correlation, 1ρ  . On the contrary, diversification would not achieve any benefit if the 
correlation, 1ρ  . For most securities, however, the correlations lie somewhere in a 
continuum between the two extremes. As a result, some level of diversification benefit is 
always achieved regardless of whether the correlation is positive or negative so long as the 
absolute value of the correlation decreases. 
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Rubinstein (2002) observes that the most important insight of Markowitz‘s portfolio 
selection theory and therefore the Capital Asset Pricing Model (CAPM) is the recognition 
that what is most important to investors is a security‘s contribution to variance of the entire 
portfolio and not the security‘s own variance or risk. In other words, in portfolio selection, 
the correlation is more important to portfolio risk than the individual variances. Thus, a 
security‘s covariance with all the other securities in a portfolio is of paramount importance. 
For this reason, Rubinstein (2002)  asserts that any decision to hold a security must be based 
on which other securities are in the investor‘s portfolio but not just on the basis of the 
security‘s expected return and variance.  
The legitimacy of the mean-variance concept depends on the assumption that returns are 
normally distributed and that the correlation matrix is static. However, empirical findings 
(e.g. Harvey et al (2004), Jondeau and Rockinger (2006) as well as Wilson et al (1996)) 
reveal that returns (for instance commodities) have fat tailed distributions but are not 
independent and identically distributed. Consequently, a number of extensions that attempt to 
relax the simplifying assumptions have been proposed with the aim of overcoming the 
limitations of the classical mean variance approach. One such extension is Reveiz and Leon 
(2008). They propose an alternative risk measure called the maximum drawdown. The 
maximum drawdown combines with a wealth creation measure to define a new portfolio 
efficient frontier. The objective of their model is to replace the volatility (standard deviation) 
measure, which they found to be an inappropriate measure of risk. Litterman (2003) identifies 
two main reasons why the volatility parameter may be an inappropriate measure of risk. 
Firstly, the volatility parameter is based on the assumption of Gaussian or normally 
distributed returns. This implies that use of volatility as a measure of risk is inaccurate where 
returns are not independent and identically distributed or where returns have fat-tailed 
distributions as has been empirically observed in commodity time series modelling. For 
instance, volatility does not account for the likelihood of extreme events that cause skewness 
and excess kurtosis in return distributions. The second reason is that volatility does not 
distinguish between upside and downside risks even though that distinction is especially 
important when dealing with symmetric distributions. A volatility measure based upon the 
assumption of Gaussian distribution has the effect of smoothing dispersions from mean 
returns thereby ignoring large unpredictable deviations. This can cumulatively have 
significant effect on portfolio variance especially when dealing with aggregation of securities 
where magnitudes do matter. Others such as De Giorgi (2002) and Hürlimann (2002) find 
that using alternative risk metrics like Value-at-Risk (VaR) and Expected Shortfall produce 
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efficient frontiers that are sub-sets of the mean variance efficient frontier. They observe that 
this helps to eliminate some of the weaknesses of the volatility measure if and only if the 
normality assumption is true. However, the use of VaR and Expected Shortfall does not 
eliminate the problem associated with equal treatment of upside and downside risks. 
Consequently, De Giorgi (2002) as well as Hürlimann (2002) concludes that these two 
alternative measures of risk produce results that are statistically no different from that implied 
by the mean variance framework. Thus, VaR and Expected Shortfall do not offer the needed 
solution to the mean variance problem. 
In search of alternative measure of risk that is free of the limitations associated with the 
mean variance framework, Reveiz and Leon (2008) try to perceive risk from the purview of 
what they term the ordinary investor. They observe that it is always easy to assume that every 
investor is non-satiated in consumption, has monotonic preferences and portrays first order 
stochastic dominance over an investment that pays as much in all states of nature and strictly 
more in at least one state. However, the crunch question, according to Reveiz and Leon 
(2008) is what would be the behavioural preferences of the ordinary investor who is neither 
knowledgeable in the intricacies and sophistication of portfolio allocation strategies nor has 
the minimum level of mathematical dexterity required to understand the principle of efficient 
frontiers or to estimate volatilities? They find that for such an investor, alternative investment 
opportunities are not covered by the concept of first order stochastic dominance where more 
is preferred to less. This is because in most practical situations it is difficult to identify an 
investment opportunity that pays more in at least one state of nature and equally as much in 
other states as other investment opportunities. In that situation, the mean variance framework 
becomes useful. However, the ordinary investor does not actually understand, quite apart 
from the fact that variance suffers from estimation errors. Reveiz and Leon (2008) observed 
that although Roy (1952) did not receive the deserved attention, the alternative mathematical 
formulation to the optimisation problem, which he developed concurrently as Markowitz 
(1952) introduces the concept of the safety-first and therefore defines an appropriate risk 
metric for the so-called ordinary investor. This is significant because according to the Roy 
(1952) safety-first principle, it is unreasonable to expect that the ordinary investor has precise 
knowledge of all possible outcomes for every action together with their respective 
probabilities. Again, the concept acknowledges that an ordinary investor is not concerned 
about expected outcomes over an infinitely large number of repeated actions but rather, is 
more concerned about the possible outcomes of a given course of action on one occasion 
only. Based on this rationalisation, Roy (1952) concludes that an investor‘s choice of 
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investment is most likely to be influenced by a greater desire to reduce the probability of loss 
occurring to the minimum rather than by the mean variance dominance principle.  
The question then is, does the safety-first principle only apply to the so-called ordinary 
investor? Is it not just rational that every investor including sovereigns should seek to avoid 
disasters? Greenspan (2008) asserts that current risk metrics that measure correlations are 
ineffective because the measurements are based on average co-movements even though the 
underlying data originate from both long periods of economic boom and short periods of 
contractions. The statistical models are ineffective because booms and contractions signify 
two distinct periods with different dynamics. Consequently, Zimmerman (2003) and Bhansali 
(2005) argue that current methods of estimating covariance are notoriously incorrect. 
According to them, the notion of stable distribution of prices is unfounded due to empirical 
evidence of structural breaks and discontinuities in the market. Extreme events characterised 
by jumps and discontinuities imply a failure of the normality assumption, which is the 
bedrock of the current present value models including VaR and Expected Shortfall. With 
these weaknesses in the models, it is equally difficult for a more knowledgeable investor to 
predict the market. Therefore, the need to include a risk measure that adequately accounts for 
irrational behaviour and lack of knowledge about extreme events such as disasters cannot be 
overemphasised. Reveiz and Leon (2008) introduce their maximum drawdown, a safety-first 
type measure that minimises the occurrence of disastrous losses. This measures the maximum 
sustained percentage decrease in portfolio return over a given horizon. In other words, it is a 
measure of the maximum loss potential due to extreme events occurring. I therefore consider 
the maximum drawdown as well as VaR when exploring the optimal sovereign mean-
variance efficient ALM strategies. 
Apart from the risk measure, alternative methods of calculating the mean return have been 
suggested, as some contend that the current method of calculating the mean measure based on 
a simple average (or arithmetic mean) of individual securities‘ expected returns is incorrect. 
Proponents of this idea advocate a mean measure based on the geometric mean of expected 
returns as to use arithmetic mean would overstate expected return. However, there is 
currently no theoretical basis or mathematical foundation to support the geometric mean 
hypothesis. 
Again, one factor frequently cited as a limitation of the mean variance approach is the 
assumption that there are no constraints on the number of assets or on the relative proportion 
of each asset held in a portfolio. Chang et al (2000) extend the classical mean-variance 
approach by imposing constraints on the number of assets in a portfolio as well as the 
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fractions of each asset held. They observe that these ‘cardinality constraints’ cause 
discontinuities in the efficient frontier, which make the portfolio problem harder to solve 
using standard procedures. They propose three different ways of solving such real world 
optimisation problems using genetic algorithms, simulated annealing and tabu search to 
model the constrained efficient frontier. Nevertheless, some of the cardinality constraints that 
Chang et al (2000) study may not apply in the case of sovereign asset liability management. 
This is because, I take the sovereign‘s resource endownments as given and try to find the best 
strategies by which the risks could be managed. However, where necessary, I impose 
restrictions on the portfolio weight of individual assets depending on the country‘s resource 
constraints. 
Ingersoll (1987) also examines portfolio strategies based on mean-variance-skewness 
analysis. He observes that where investors prefer higher skewness, then skewness is a priced 
risk factor. A comparative static decrease in co-skewness requires an increase in expected 
return to induce the same asset holdings at the margin. Skewness of individual securities does 
not matter, as it does not offer any marginal trade-off benefits. As covariance in the mean 
variance framework that measures individual securities‘ contribution to portfolio variance, 
Ingersoll (1987) notes that in the mean-variance-skewness space, the co-skewness matters as 
it offers diversification benefit. However, the additional complexity introduced by co-
skewness in the covariance matrix makes it difficult if not impossible to apply in practice. 
Consequently, like most practical applications of the mean-variance strategy, I do not model 
co-skewness beyond accounting for it in the value-at-risk measure.  
Using the mean-variance approach, Sharpe and Tint (1990) was among the foremost 
financial economists to consider a surplus optimisation for portfolios consisting of assets and 
liabilities. Surplus maximisation requires that liabilities be considered together with assets. 
However, it has sometimes been difficult to obtain accurate valuation of liabilities that reflect 
economic value. Sharpe and Tint (1990) propose a new way of accommodating liabilities that 
allows utility benefit to be obtained from the effect of co-movement between assets and 
liabilities. Where no positive utility benefit exists, a risk penalty is imposed on the objective 
function to account for the negative effect of liabilities. The extent to which a particular asset 
or group of assets provide diversification benefit or utility against a particular set of liabilities 
is measured by what the authors called ‘liability hedging credit’. The liability hedging credit 
increases with the covariance between the asset and the liability as well as the asset-liability 
ratio and inversely related to the reciprocal of investor‘s risk aversion. When the liability 
hedging credit is computed in a way that allows full consideration of liabilities, the process is 
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called surplus optimisation. An asset-only optimisation strategy does not consider liability-
hedging credit while partial allowance of liabilities allows certain portfolio hedging 
opportunities without the need for full surplus optimisation. Thus, optimisation can be 
performed at different levels of emphasis to liabilities. According to Sharpe and Tint (1990), 
in order to increase the ability of an asset mix to hedge against increases in the values of 
liabilities, the investor must be willing to accept lower expected return and/or greater asset 
risk. They find that the greater the investor‘s level of risk aversion, the larger the liability 
hedging credit and that the portfolio market value weighted average of the covariances of the 
portfolio assets and liabilities is the covariance of return on the asset-liability mix.  
Applying Sharpe and Tint‘s approach to asset-liability risk management, Keel and Muller 
(1995) observe that the liability components do not depend on investor‘s risk preferences and 
that it is possible to decompose an efficient portfolio into three separate components namely: 
return generating, liability as well as minimum risk components. They show that adding 
liabilities can lead to a parallel shift in the efficient frontier. Nijman and Swinkels (2008), as 
well as Brounen, Prado and Verbeek (2008) on their part, study asset-liability risk 
management  in the context of Sharpe and Tint‘s model that uses the concept of mean-
variance optimisation. They came to broadly consistent conclusions just like earlier writers 
underscoring the potential diversification benefits of combining assets and liabilities and 
managing the residual risks on a portfolio basis. Nevertheless, Nijman and Swinkels (2008), 
by extending Sharpe and Tint‘s model demonstrate the irrefutable diversification potential of 
commodity investment portfolios not previously apparent to many finance researchers. To 
show how a sovereign country whose revenue depends predominantly on commodity exports 
can manage its risks and maximise the value of its net assets, I apply and extend the 
methodology in Nijman and Swinkels (2008).  
 
3.3 Methodology 
I consider a representative agent economy (in this case a sovereign country) with a static 
optimisation problem. The country is concerned about the mean and variance of a portfolio of 
assets and liabilities and seeks to maximise the return of the sovereign net assets while 
simultaneously reducing the risks. Following Nijman and Swinkels (2008), I assume that the 
country seeks to maximise the following mean-variance utility function defined over surplus 
return: 
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        tStStS RVarRERU ,,,                 (3.1) 
   tLtAtS kRRR ,,,                  (3.2) 
where tAR ,  is a vector representing the return on the assets; tLR ,  is a vector representing the 
return on liabilities ; tSR ,  is a vector representing the surplus or the net return while
  ,0k is a positive scalar representing the relative importance of liabilities compared to 
assets.  .U  is the utility function and  is the risk aversion coefficient
9
. Replacing 
   tStS RRVar ,2,   , the optimisation problem can thus be restated as: 

Max     t,St,S RRE 2                        (3.3) 
 
subject to  1l  where   is a vector of portfolio weights and l , a vector of ones. The 
corresponding Lagrangian function L is given by the expression: 
 
       12  l*R*kR*R*kRE,L t,Lt,At,Lt,A                          (3.4)    
 
where   is the Lagrange multiplier or the optimal zero beta return
10
. In addition, it is 
important to note that: 
       tLtAtLtAtLtA RkRRkRRkR ,,,2,2,,2 *,cov2**    
LLA kk   *2*
22
                    (3.5) 
 
where A are the covariance matrix of asset returns and L  the vector of covariances 
between assets and liabilities. Maximising the objective function, L  and noting that 
tAtA RR ,,   and   tARE , , I have the following first order conditions: 
0


l*k**
),(L



                          (3.6) 
01


l
),(L



                (3.7) 
                                                      
9 Risk aversion has its original roots in Utility Theory, pioneered by Von-Neumann and Morgenstern (1944) 
and is a generally accepted concept in finance as a means of addressing uncertainty in which an investor 
measures uncertainty based on his Von-Neumann-Morgenstern utility function and maximises expected utility. 
In the mean-variance framework, investors are assumed to possess quadratic utility, which also implies that 
absolute and relative risk aversions are both increasing in wealth. The inverse of the relative risk aversion 
coefficient is risk tolerance and reflects investor‘s willingness to trade-off between extra return and extra risk 
(variance). It is the reciprocal of the investor‘s indifference curve in the mean-variance space (Ingersoll, 1987). 
The greater the risk tolerance, the more risk an investor is willing to bear for a little extra return. 
10 Zero beta return refers to the minimum return at which an investor is indifferent between choosing the 
risky asset and keeping her wealth in riskless government securities. It is often called the risk-free rate of return. 
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Finally, I solve for the optimal portfolio weights 
 as well as the optimal zero beta return   
as follows: 
  LAA *kl** 
 111 

               (3.8)  
ll
lk*l
A
ALA
1
11






               (3.9) 
 
3.3.1 Liability Hedging Credit 
Where liabilities are included in the portfolio, the value of the scalar k  (the importance 
parameter) is non-zero but positive definite. For a more efficient estimation of the optimal 
policy, equation (3.2) can be rewritten as follows ((Sharpe and Tint (1990) or Brounen, Prado 
and Verbeek (2008)) : 
   





  1,1,1, 11 tL
t
t
tAttS R
A
L
kRAR                       (3.10) 
Where tA  and tL are the dollar value of assets and liabilities respectively. The ratio of the 
value of liabilities to assets 
t
t
A
L
 is therefore defined as the growth rate of the liabilities and 
represents the inverse of the funding ratio. Further, define: 
1,11  





 tL
t
t
tt R
A
L
kRZ                  (3.11)  
 
The optimisation problem can now be formulated as follows; 
 
   





  11 var
1
ttt ZZEMax

                          (3.12) 
there the variance in the second term of (3.12) is computed as: 
 






  1,1,1 varvar tL
t
t
tAt R
A
L
kRZ  
     1,1,1,2
2
2
1, ,cov2varvar   tLtA
t
t
tL
t
t
tA RR
A
L
kR
A
L
kR          (3.13)    
 
As the most important term is the covariance between assets and liabilities, for any asset i , I 
define a liability hedging credit iLHC as follows: 
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 1,1, ,cov
2
 tLtit
t
t
i RR
A
L
kLHC

              (3.14) 
 
It logically follows that the entire portfolio‘s liability hedging credit is: 
 
 i iip LHCLHC               (3.15) 
 
Using this, the maximisation problem is then solved by maximizing the following function: 
 
 
P
tA
tA LHC
R
RMax 









1,
1,
var
               (3.16) 
 
where the first, second and third terms of (3.16) are the expected return of assets, risk penalty 
and the liability hedging credit of the portfolio respectively.  
 
3.4 Hedge Ratios 
In order to achieve the results implied by the ALM, it is often necessary to combine it with 
hedging. Hedging paves the way for financial diversification making it possible to change the 
composition of a country‘s assets by transforming one or more commodities into another 
using derivative instrument. Futures are usually traded in specific quantities unlike in the spot 
markets. For example, 1 cocoa futures contract is equivalent to 10 metric tons of cocoa beans; 
1 light sweet crude oil futures contracts is equivalent to 1,000 US barrels (NYMEX) of oil 
while 1 gold futures contract is equivalent to 100 ounces of pure gold. Hedging therefore 
requires the appropriate futures contract on the commodities to be calculated. Again, changes 
in futures prices may not be the same as changes in the prices of the respective commodities 
in the spot market. Therefore in order to effectively hedge positions in commodities, it is 
crucial to determine the optimal hedge ratio. The hedge ratio is defined as: 
  
‗The ratio of the size of the position taken in futures contracts to the size of the 
exposure’ (Hull, 2012: p.56). 
 
To calculate the hedge ratio for a portfolio consisting of sQ units of long position in the 
asset and fQ units of short futures position, let tS and tF denote the spot and futures prices at 
3. Mean-Variance Asset-Liability Management 
 
50 
 
time t  respectively. Chen et al (2003) shows that the return on the hedged portfolio hR , is 
given by the expression: 
   fs
ts
ftfsts
h hRR
SQ
RFQRSQ
R 


               
(3.17)
  
where  
ts
tf
SQ
FQ
h  is the hedge ratio, 
 
t
tt
s
S
SS
R

 1  is the one period expected return on the 
spot and 
 
t
tt
f
F
FF
R

 1 is the one period futures return. According to Chen et al (2003), the 
hedge ratio depends on the objective function that is being optimised and can be static or 
dynamic. Static hedge ratios are used in the mean-variance framework while dynamic hedge 
ratios are often applied in multi-period models. The literature discusses several types of 
hedge ratios in the static optimisation model. The most popular ones that I consider in the 
study are the minimum variance (MV) hedge ratio, the optimum mean-variance hedge ratio 
and the Sharpe hedge ratio. 
 
3.4.1 Minimum Variance Hedge Ratio 
This hedge ratio is derived by minimising portfolio risk measured by variance and is the most 
widely used hedge ratio in static portfolio optimisation. The traditional one-to-one hedge 
assumes that changes in the spot market would exactly match those in the futures market and 
therefore requires a position to be taken in futures that is equal in magnitude but opposite in 
sign to the existing position in the asset. However, in practice the prices in the spot and 
futures markets may not move together (that is they are not perfectly correlated) which make 
a traditional hedge inefficient as it may not be possible to eliminate all the risks through 
hedging. This problem of imperfect correlation is solved by the minimum variance hedge 
ratio. It is calculated as the ratio of the conditional covariance between the asset and the 
futures price to the conditional variance of the futures price. 
For a portfolio of two assets consisting of a long position in spot and a short futures 
position, it can be shown that the portfolio variance )var( hR is: 
 
     fsfsh RRhRhRR ,cov2varvar)var( 2   
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Then taking the first order conditions with respect to h, the minimum variance hedge ratio 

MVh  is derived as follows: 
 
  f
s
f
fs
MV
Rvar
R,Rcov
h



     
        (3.18) 
 
where  is the correlation coefficient between sR and fR . s and f are the standard 
deviations of sR and fR respectively. This hedge ratio is widely used because it is the least 
complex to calculate and easiest to understand. However, it ignores expected return by 
placing all the emphasis on portfolio variance. Again, the hedge ratio implies that investors 
are infinitely risk averse and are therefore willing to sacrifice an infinite amount of expected 
return in order to gain incremental risk reduction. This property makes the MV inconsistent 
with the mean-variance framework. 
For the MV hedge ratio, four main estimation methods have been identified in the 
literature. They are Ordinary Least Squares (OLS) regression, Vector Auto-Regression 
(VAR), as well as Cointegration and Error Correction Method (ECM) (Chen et al, 2003). The 
method used however depends on the time series properties of the assets and whether 
expected returns and higher moments are time-varying. 
 
3.4.1.1 OLS Regression Method 
This is the conventional method for estimating the MV hedge ratio from time series data 
when the moments of the series are assumed to be time invariant and not cointegrated. It 
involves a linear regression of the asset‘s logarithmic spot price changes on changes in the 
logarithmic futures prices. The regression equation can be written as: 
 
ttt FaaS  10              (3.19) 
 
where 1a is the estimate for the MV hedge ratio MVh . The OLS regression method is simple 
but robust in estimation efficiency. However, its efficiency depends on the complete 
satisfaction of the assumptions of no autocorrelation and no heteroskedastic disturbances in 
the regression error term.  
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3.4.1.2 Vector Auto-Regression 
A major criticism of the OLS regression method is that the hedge ratio estimates are 
inefficient due to the presence of autocorrelation in the error term. To overcome this defect, a 
bivariate Vector Auto-Regressive (VAR) model is used. It is formalised as: 
tSitF
q
j
SitS
p
i
SStS raraar ,,
1
,2,
1
,1,0,  



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tFitF
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j
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p
i
FFtF raraar ,,
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,2,
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,1,0,  



               (3.20) 
The hedge ratio is estimated from the residual series generated from running the above 
regressions using the formula 2FF,S /h 

 where  tFtSFS ,,, ,cov    and  t,FF var  2  
whereas p and q are the number of lags in the autoregression model. 
 
3.4.1.3 Cointegration and Error Correction Method 
The OLS and VAR approaches rest on the assumption of stationary spot and futures time 
series data. Where either or both of the time series data are non-stationary, then the 
cointegration and Error-Correction Method (ECM) would be the most efficient method to 
adopt if there is statistical evidence of unit root in the series. Engle and Granger (1987) find 
that where the series have unit root or the prices of the assets are integrated, the OLS 
technique is misspecified and an error-correction term in the regression model is required to 
cure the defect. To apply the cointegration method, the price series must be tested for the 
presence of unit root using the augmented Dickey-Fuller or the Phillips-Perron method.  
Often times, the KPSS model is used in conjunction with the above methods to test that the 
series are not fractionally integrated. Should there be evidence of unit root in both price 
series, then a cointegration test must be performed following the procedure in Engle and 
Granger (1987) or Johansen and Juselius (1990). Where the spot and futures prices are 
cointegrated, the optimal hedge ratio is estimated in the following two steps suggested in 
Chou et al (1996) and described in Chen et al (2003). Firstly, I estimate the following 
cointegrating regression equation: 
 
ttt ubFaS           
        (3.21) 
 
and then estimate the error-correction model: 
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1
         
   (3.22)        
where  11ˆ   tttt bFaSuu is the residual from the cointegrating regression and where  
is the estimate of the hedge ratio. 
  
3.4.2 Optimum Mean-Variance Hedge Ratio 
To be consistent with the mean-variance framework, the optimum mean-variance hedge ratio 
accounts for both portfolio risk and return in the derivation of the optimal hedge ratio. Given 
the spot and futures return series, variances and covariance as discussed above, let the 
objective function be formalised as follows: 
fQ
Max    2hhRE   
Then, noting that  hh Rvar
2  , I derive the optimal hedge ratio: 
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
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              (3.23) 
As well as the optimal futures position fQ : 
t
tsOMV
f
F
SQh
Q

 
               (3.24) 
 
A major criticism of the optimum mean-variance hedge ratio is the difficulty of finding 
the appropriate investor‘s risk aversion parameter . However, what is noticeable is that as 
 or   0fRE , the hedge ratio h tends to be the same under both the minimum 
variance and the optimum mean-variance approaches. However, the condition   0fRE  
exists only where futures prices follow a pure martingale process, in which case the risk 
aversion coefficient is irrelevant to the derivation of the optimal hedge ratio.  
 
3.4.3 Sharpe Hedge Ratio 
This hedge ratio is derived by maximising the ratio of a portfolio‘s risk premium to its 
volatility. It is formalised as follows: 
    
 
2
h
Fh
Sharpe
rRE
h


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             (3.25) 
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where Fr is the risk-free interest rate. Given the above objective function, the optimal futures 
position is given by the expression: 
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From the optimal futures position, I obtain the following expression for the optimal hedge 
ratio: 
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It is important to note that where   0fRE , the expression for the optimal hedge ratio under 
this method reduces to: 
     


f
s
Sharpeh 
  
which is equal to the minimum variance hedge ratio (see equation 3.18). According to Chen 
et al (2003), a general criticism of the Sharpe hedge ratio is the real possibility of the second 
derivative, fQ being positive rather than negative resulting in a hedge ratio that minimises 
instead of maximising risk adjusted return (Sharpe ratio). Another limitation of this approach 
observed by Chen et al (2003) is the non-linear nature of the function (equation 3.27) and the 
risk of producing an unbounded hedge ratio that monotonically increases with the Sharpe 
ratio.  
Due to the limitations of the optimum mean-variance and the Sharpe hedge ratio 
methodologies, the minimum variance (e.g. OLS, VAR and ECM) is the preferred method for 
forecasting optimal hedge ratios. 
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3.4.5 GARCH 
In order to account for possible heteroskedasticity in the regression error term that makes 
OLS an inefficient estimator of the hedge ratio and to capture time variation in the variances 
and covariance matrix, the GARCH model has been found useful. GARCH models were first 
introduced by Bollerslev (1986). The underlying assumption is that volatility changes with 
time and with past information. It is a local volatility updating process that allows volatility to 
depend on the evolution of the process. In particular, the GARCH (1, 1) model introduced by 
Bollerslev (1986) assumes that the conditional variance th  
is a linear function of the past 
variance and squared innovations formalised as follows: 
 
    1
2
1   ttt hh                    (3.28) 
 
where   tt r  is the residual or excess return which can be negative; ),,,(    is 
the parameter vector to be estimated so that ,0 ,0 0 . For a stationary process, the 
persistence relation 1   must hold. The GARCH (1, 1) specification of the conditional 
variance process depends on only one previous return 1tr and one previous variance 1th to 
estimate the current variance th . To forecast next period results, I require the unconditional 
variance, which is calculated as: 
        )(
VarU




1                      (3.29) 
 
Using the GARCH forecasting model, the hedge ratio is thus: 
 
   
U
F
U
S
garch
Var
Var
h 
              (3.30) 
 
where USVar and 
U
FVar are the unconditional variance for logarithmic spot and futures returns 
respectively whereas  is the correlation between the two return series. Having discussed the 
methodology for hedge ratio estimation, the next section considers a real world case example 
of unconditional commodities investment strategies in the static mean variance ALM setting. 
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3.5 Ghana Case Study 
Ghana‘s purchasing power parity (PPP) adjusted gross domestic income (GDP) estimates for 
2011 was 71.2bn Int. dollars. According to the US Central Intelligence Agency (CIA), the 
distributions of labour force by sector were agriculture 56%, industry 15% and services 29%. 
The main source of macroeconomic volatility is commodity price fluctuations as the country 
depends on a few commodities for most of its income. The three main commodities are gold, 
crude oil and cocoa, which accounted for nearly 30% of the country‘s GDP in 2011 and 
almost all of the volatility in export income. The income volatility results from the fact that 
shocks to commodity prices cause shocks to income while a decrease in commodity prices 
affects fiscal policy in the form of spending cuts and increase in sovereign debt levels. The 
reason why almost all the income volatility is attributed to commodity related export income 
is that the value of other sources of income such as services remain stable over time unlike 
commodity prices. 
 
3.5.1 Justification 
Production risk also has an impact on macroeconomic volatility because significant changes 
in production levels cause imbalances in government revenue. However, the effect of 
fluctuations in production or output is often reflected in prices depending on how significant 
the changes are to aggregate supply.  
As the country is dependent on commodity-generated revenue for a substantial part of 
fiscal spending, it is faced with significant output risks. However, hedging production risk 
has been found to cause many problems (Just and Khantachavana, 2010). Apart from that, I 
do not view production risk to be important as far as Ghana is concerned for the following 
reasons: 
Gold – Long-term contracts exist with counterparties for the supply of gold. Given 
the nature of the contracts, no significant change in demand is anticipated to warrant 
material changes in supply or production levels.  
 
Oil – In this study, the analysis are based on medium to long-term production 
capacity/output levels rather than current levels of production. This long-term level of 
production is not expected to materially fluctuate to be a cause for concern.  
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Cocoa – The cocoa supply market is dominated by Ghana, Ivory Coast and Nigeria, 
which together supply 70% of world output. Production risks in these countries 
therefore have material effect on supply, which directly translates into higher price 
volatility. 
Due to the above reasons, I assess production or output risks to be minimal for Ghana as 
they have insignificant impact on changes in sovereign wealth. In addition, modelling price 
volatility largely accounts for output risks. I therefore focus my attention on price volatility 
rather than output risks. Thus, I do not find it necessary to account for output risks in addition 
to analysing price risks.  
  
3.5.2 Details 
According to the country‘s 2011-budget statement, the GDP contributions by sector of the 
economy were as follows: Agriculture generated 28.3% of GDP of which cocoa alone 
contributed 60%. The industry sector generated 21% of GDP of which the mining and 
quarrying sub-sector contributed 8.7% of GDP in 2011. A substantial portion of the 8.7% was 
due to huge income received from the sale of crude oil, the production of which commenced 
at the beginning of the year. It is estimated that as oil production reaches optimal capacity, 
the sector‘s GDP contribution could reach 12%. Of this figure, 1.6% is expected to come 
from gold (representing about 90% of the sector‘s pre-oil production contribution to GDP) 
while oil was estimated to generate as much as 10%. Apart from the agriculture and the 
industry sector, the services sector contributes 50.7% of GDP.  However, income from the 
services sector has most often been stable meaning that agriculture together with the mining 
sub-sector of industry is the main source of macroeconomic volatility. Again, public or gross 
government debt in 2011 represented 42.3% of GDP and this is expected to be no more than 
50% of GDP in the long-term according to the budget statement. Although gold, oil and 
cocoa account for no more than 30% of exports, nearly all the volatility in government 
income is attributable to them. The implication is that, to analyse changes in sovereign 
income, I must pay particular attention to these commodities as the main sources of the 
volatility. Therefore, for simplicity but without loss of accuracy, I define change in sovereign 
wealth, GovtIncome  as due to changes in the income generated from the three major 
commodities as follows: 
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cocoagoldoilGovtIncome              (3.31) 
 
In addition, incomes from the three major sources are: 
 
 oiloiloiloil profit*taxprice*share*Qoil              (3.32) 
goldgold profit*tax*Qgold                (3.33) 
cocoacocoacocoa share*price*Qcocoa               (3.34) 
 
where iQ  is the quantity exported of commodity i ; ishare is government percentage share of 
income generated from commodity i ; iprice is the market price of the commodity; iprofit is 
the per unit taxable income directly attributable to the commodity while tax is the applicable 
corporation tax rate. 
 
3.5.2.1 Crude Oil 
Ghana‘s income from crude oil exports comprise a 10% carried and participating interests as 
well as royalty charges and income taxes levied on oil related profits.  The country‘s gross 
return from oil exports oilR  can therefore be derived as a function of the output oilQ , the price 
and the cost of production, corporation tax rate and the government share of total oil revenue: 
)t(profit*tax*Q)t(price*share*Q)t(profit*tax*Q)t(price*share*Qoil oiloiloiloiloiloiloiloiloiloil 11 
        
    oiloiloiloiloiloiloil Q)t(profit)t(profittax)t(price)t(priceshare*Q 11   
where  oiloil tcospriceprofit   and itcos  is the per unit cost of sales related to commodity 
generated profits or the steady state marginal cost of sales. To proceed, I express change in 
tax income as a function of the commodity price: 
      oiloiloiloiloiloil tcos)t(priceQtcos)t(priceQtaxtaxincome  1  
      
 )t(price)t(priceQ*tax oiloiloil 1  
This implies that the change in oil related income is: 
   oiloiloiloiloil pricetax*Qpriceshare*Qoil   
       
 taxshareprice*Q oiloiloil   
 
Therefore, the total return on oil or the percentage change in oil-generated income is given by 
the expression: 
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 
 oiloiloiloiloiloil
oiloiloil
oil
tcos)t(pricetax*Q)t(price*share*Q
taxshareprice*Q
R



11  
 
 
  oiloiloil
oiloil
tcos*taxtaxshare)t(price
taxshareprice



1              (3.35) 
As all the other variables in (3.35) are constants, I conclude that the percentage change in 
crude oil related income or the gross return on oil, oilR  is predominantly driven by the price 
and does not depend on output. 
 
3.5.2.2 Cocoa 
The main difference between crude oil and cocoa is that government is directly responsible 
for the marketing of all cocoa beans in the country. Unlike oil where the significant 
proportion of government income comes from profit related taxes, purchasing and marketing 
of cocoa are carried out through the state controlled Produce Buying Company and the Cocoa 
Marketing Board. The Produce Buying Company purchases all the cocoa beans produced 
from the farmers while the Marketing Board ensures the sale and export of the output to 
external counterparties. The government therefore pays only a percentage of the Free On 
Board (F.O.B.) price it receives to the farmer (currently about 75% of the price) while the 
remaining 25% is government share of the income and goes into the national chest to cover 
implied taxes and to help defray marketing and transportation costs. Consequently, I derive 
the gross return from cocoa exports, cocR  as follows: 
coccoccoccoccoc tQsharepriceQcocoa cos***   
 coccoccoccoc tsharepriceQ cos**   
   coccoccoccoccoccoccoccoc tsharetpriceQtsharetpriceQcocoa cos*)1(*cos*)(* 
  
 )1()(*  tpricetpriceshareQ coccoccoccoc  
 
 coccoccoccoc
coccoccoccoc
coc
tsharetpriceQ
tpricetpriceshareQ
R
cos*)1(*
)1()(*



 
coccoccoc
coccoc
ttpriceshare
priceshare
cos)1(*
*



             (3.36) 
 
It is evident from the results that the return on cocoa also does not depend on output and that 
price alone is the most important variable. 
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3.5.2.3 Gold 
Currently, the government has no equity interest in the mining sector having sold the last 
remaining shareholding in Ashanti Goldfields Corporation a few years ago as part of the 
country‘s IMF assisted divestiture programme. All government revenue from this sector 
comes from royalties and taxes. The gross return on gold related income goldR  is estimated 
as: 
          goldgold profit*tax*Qgold                         
where goldgoldgold tpriceprofit cos is the per unit profit from gold related exports. 
Consequently, the change in gold related income is provided by the expression: 
   goldgoldgoldgoldgoldgold ttpricetaxQttpricetaxQgold cos)1(*cos)(*   
goldgoldgoldgoldgoldgoldgoldgold tcos*tax*Q)t(price*tax*Qtcos*tax*Q)t(price*tax*Q  1
 
 )t(price)t(price*tax*Q goldgoldgold 1  
This implies that the percentage change in gold generated income or total return is:   
 
 goldgoldgold
goldgoldgold
gold
ttpricetaxQ
tpricetpricetaxQ
R
cos)1(*
)1()(**


  
goldgold
gold
ttprice
price
cos)1( 


              (3.37) 
Again, the return on gold is independent of quantity and since the unit cost of production is 
assumed constant, the return is predominantly determined by price. 
 
3.5.3 Government Income 
Given the above expressions for percentage change in income from oil, gold and cocoa, and 
given that almost all of the volatility in government revenue comes from these sources, I 
define the growth rate of government revenue or the gross return from all sovereign assets,
AR  as follows: 
)()()()( tRtRtRtR coccocgoldgoldoiloilA              (3.38) 
 
where oil , gold and coc are respectively the relative contributions of oil, gold and cocoa to 
sovereign wealth. As I have already explained, I assume that these are the only sources of 
government income as they capture most of the volatility, which is the primary focus of this 
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study. The  i  have direct relationship with the quantity produced of the commodities and is 
formalised as: 
 
GDPz
profit*taxprice*share
Q
GDP
oiloiloil
oiloil


           (3.39) 
 
GDPz
profit*tax
Q
GDP
gold
goldgold 
             (3.40) 
 
GDPz
price*share
Q
GDP
coccoc
coccoc              (3.41) 
 
where GDPz is a scaling factor that measures the relative contribution to total GDP of the 
composite income from the three main commodities. Based on the information available from 
Ghana government‘s 2011 budget statement, I estimated this factor at about 30%11. 
Furthermore, let the return or growth rate of sovereign debt or liabilities be represented by 
LR and let k be a parameter that measures the importance or weighting assigned to debt. The 
surplus or net return of Ghana‘s assets and liabilities is thus: 
 
)()()( tkRtRtR LAS              (3.42) 
 
And the country maximises the following objective function: 
    SS RVarRE   
This is restated in the expanded form: 
 

Max     SLcoccocgoldgoldoiloil RVar)t(kR)t(R)t(R)t(RE            (3.43) 
 
Subject to the constraints: 
;50.00  oil   
;09.00  gold   
;79.00  coc    
.1 i           (3.44) 
Where  
     cocoilcocoilgoldoilgoldoilcoccocgoldgoldoiloilS RRRRRVar ,cov2,cov2222222  
 
       LoiloilLgoldcocgoldcoc RRkkRR ,cov2,cov2 2
2
 
 
       LcoccocLgoldgold RRkRRk ,cov2,cov2               (3.45) 
 
                                                      
11 Note that this is different from the total contribution of all commodity related export income, which is 
currently 35% of GDP. 
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The constraints have been derived by taking into account the maximum level of output 
quantities that can be practically produced given the country‘s resource availability in labour, 
arable land for agricultural production as well as crude oil and gold reserves.  
For oil, it is noted that given the government‘s own forecasts, the contribution to GDP is 
not expected to exceed 15% (equivalent to 50% of GDP in relative terms)
12
. The analysis is 
based on this long-term output expectation as well as current production levels. 
 Given the current level of production, the available reserves and existing production 
capacity in the industry, gold‘s contribution to GDP can grow up to 2.5% (from the current 
1.6%) equivalent to 9% of GDP in relative terms. This can be achieved in three major ways 
namely: increased production by current firms through utilisation of all existing idle capacity; 
increased production as more firms are licensed to mine gold in the country; and investment 
into local refinery in order to increase the taxable value of gold exports from the current 92% 
to 100% purity level.  
Cocoa, which currently generates 17% of GDP, has the potential to contribute as much as 
23.7% (equivalent to 79% in relative terms). According to the Federation of Cocoa 
Commerce, cocoa output in Ghana saw a massive increase of 75% from 379,000 metric tons 
in 1998 to 680,000 metric tons in 2008 reaching a peak of 736,000 metric tons in 2004
13
. The 
average annual production in 2003 – 2008 was 680,000 metric tons compared to Ivory 
Coast‘s average output of 1.3million metric tons during the same period. The significant 
increase in Ghana‘s cocoa output during this period could be attributed to three factors: 
government‘s cocoa expansion initiative aimed at increasing export earnings; higher farmer 
prices and subsidised spraying of cocoa farms, which reduced incidences of cocoa pod 
diseases. Given the geographical and demographic similarities between Ghana and Ivory 
Coast and the fact that Ghana previously led Ivory Coast in cocoa production, there is no 
reason why Ghana cannot expand output up to the limit of current Ivory Coast levels. This 
would imply a 90% increase in the medium to long-term. Given the objective function (3.43) 
and the total portfolio weight constraint (3.44), let the following be the Lagrangian: 
 
       1 cocoilgoldSSi RVarRE,L             (3.46) 
 
                                                      
12 The three assets gold, crude oil and cocoa currently make up about 30% of GDP. A 1.6% current 
contribution from gold is equal to 5%, an 11.4% current contribution from crude oil amounts to 38% while a 
current cocoa contribution of 17% equals 57% in relative terms assuming that only income from the three assets 
make up the GDP. 
13 http://www.cocoafederation.com/contacts/links.jsp 
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Taking the first order conditions: 
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The result in (3.47) implies that the optimal portfolio investment in crude oil is proportional 
to its Sharpe ratio and inversely related to the investor‘s risk preferences. It is also directly 
dependent on the vector of covariance or correlation with other state variables or assets and 
liabilities in the portfolio. A high negative correlation with other assets and a high positive 
correlation with liabilities increase the hedging demand in crude oil. On the other hand, a  
high positive correlation with other assets and a high negative correlation with liabilities 
reduce the hedging demand. Similarly, to find the first order conditions for gold, I have: 
 
         02222 2 
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Implying that:
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Following from the above, the first order condition in terms of cocoa is also: 
         02222 2 
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Since   (the risk free rate) is a constant, I now have three systems of equations with three 
unknowns. To solve for the optimal values of i , I substitute (3.47) into (3.48) and solve the 
algebra as follows: 
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Simplifying: 
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Multiplying through by 2
gold and re-arranging, I obtain the following expression for gold: 
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Similarly, I substitute (3.47) into (3.49) and solve the equation. Following the same process 
as the above, I obtain an expression for coc as follows: 
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To proceed, let define some coefficients A
~
, B
~
, C
~
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~
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~
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With these coefficients, a closed-form expression for the optimal value of gold

 is found by 
substituting equation (3.51) into (3.50) and then solving the resulting algebra. After 
simplifying and collecting terms, I obtain: 
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To solve for the explicit value of coc

 , I substitute (3.52) into (3.51) and obtain: 
 




















B
~
E
~
C
~
D
~
C
~
B
~
A
~
C
~
B
~
E
~
B
~coc 2
1

           (3.53) 
 
Finally, I substitute (3.52) and (3.53) into equation (3.47) and solve for the optimal value of 
oil

 as follows: 
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Thus, providing the closed-form solution to the static optimisation problem comprising four 
(three risky and one risk-free) assets and a liability. With the above closed-form solution, 
finding the numerical results is thus straightforward. 
 
3.6 Empirical Analysis 
In this section, I perform empirical investigations and analysis using time series and other 
econometric data to estimate the efficient ALM strategies available to a commodity 
dependent developing country. The section begins with a brief description of the data as well 
as theestimated summary statistics. This is followed by numerical estimates of optimal 
resource allocation strategies in an unconditional ALM framework in an assets-only portfolio. 
First, I calibrate the model without portfolio weight constraints and compare the results for 
when there are short sales or borrowing constraints and when there are not. Next, I impose 
constraints on the individual asset weights and observe how much the results are affected by 
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such cardinality constraints. Furthermore, I perform robustness tests as well as a sensitivity 
analysis of portfolio performance in relation to changes in liabilities using interest rates as 
proxy for the liabilities. Finally, I introduce derivative instruments and examine their hedging 
impact on the portfolio, making it possible to propose an optimal sovereign hedging policy 
for Ghana in the context of an unconditional mean variance portfolio strategy. 
 
3.6.1 Data Sources 
As the aim of this chapter is to estimate the optimal ALM strategies for a commodity 
dependent country, I use Ghana as a case study. Ghana is a predominantly commodity 
dependent developing country in sub-Saharan Africa, rich in natural resources such as gold 
and cocoa. Ghana ranks 10
th
 in the world output and export of gold and second in the world 
production of cocoa. In addition, Ghana recently became an oil exporting country, making its 
first shipment of light crude oil during the last quarter of 2010 following the discovery of 
large deposits of oil off its south-westerly coast. Incomes from these commodities contribute 
significantly to the country‘s GDP, currently 30%.  With the exception of commodity 
exports, income from the services sector is the biggest contributor (51%) to GDP. However, 
almost all the volatility in the annual GDP figures is attributed to commodity price 
fluctuations. Although, production output fluctuations also play a part, it is deemed less 
important as changes in output translates into price volatility. Should Ghana be able to 
manage its resources by matching the assets and the liabilities and maximise the return on the 
net assets while minimising the risks, it must pay particular attention to asset and liability 
management.  
To explore the optimal strategies available to Ghana, I use its main commodities as proxy 
for the country‘s assets. Consequently, I collected daily crude oil (Brent) spot and futures 
prices from DataStream. I also obtained daily gold futures prices from DataStream and spot 
prices series from the World Gold Council database
14
. In addition, daily cocoa spot prices 
were obtained from DataStream while daily cocoa futures prices data were sourced from the 
International Cocoa Organisation (ICCO) database
15
. As I could not find any suitable 
sovereign bond data specific to the Ghana government, I used the JPMorgan Emerging 
Markets Bond Index plus (EMBI+) as proxy and collected that also from DataStream. All the 
dataset covered the period 02/01/2000 to 30/03/2012. I also collected macroeconomic data 
                                                      
14 http://www.gold.org/investment/statistics/gold_price_chart/ 
15 http://www.icco.org/statistics/cocoa-prices/daily-prices.html 
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from the International Monetary Fund (IMF) Department of International Financial 
Statistics
16
. The macroeconomic data comprised annual GDP, external debt, current account 
balances as well as volume and gross income from commodity exports. The dataset was from 
1990 to 2016 (including projections). The sample data used has been deliberately kept short 
due to the different regimes evident in commodities time series data. Using a longer sample 
period would require that a regime-switching or time-varying model is adopted in order to 
effectively capture the different dynamics within the various regimes. The descriptive 
statistics of the daily spot and futures prices are as summarised in Table 3.1. 
 
Table 3.1 Summary Statistics and Correlation Matrix  
 
In the following table, Panel A summarises the descriptive statistics of commodity spot and futures prices as 
well as the EMBI+ bond index yield for the sample data covering the period 1st January 2000 to 31st March 
2012. Panel B of the table summarises the correlation matrix of the data for the same period. 
 
Panel A   Mean St. Dev Variance Skewness Kurtosis Obs 
        
Gold Futures 
 
0.0006 0.0122 0.0001 -0.1017  7.4545 2884 
Gold Spot  0.0006 0.0121 0.0001 -0.2742  7.1754 2884 
Oil Futures 
 
0.0006 0.0193 0.0004 -0.3455  5.5357 2884 
Crude Oil Spot  0.0006 0.0241 0.0006 -0.2348 67.9112 2884 
Cocoa Futures 
 
0.0003 0.0179 0.0003 -0.1718   5.6802 2884 
Cocoa Spot 
 
0.0003 0.0213 0.0005 -0.3175 15.0904 2884 
EMBI+         -0.0003 0.0116 0.0001 -0.5214   8.8519 2884 
Panel B 
Gold 
Futures 
Gold 
Spot 
Oil 
Futures 
Crude 
Oil Spot 
Cocoa 
Futures 
Cocoa 
Spot EMBI+ 
Gold Futures 1 
      Gold Spot 0.7651 1 
     Oil Futures       -0.0081 0.0254 1 
    Crude Oil Spot 0.0452 0.0424 0.1633 1 
   Cocoa Futures 0.0912 0.1114 0.0113 0.0035 1 
  Cocoa Spot 0.0230 0.0167 0.1074 0.0324 0.0435 1 
 EMBI+ 0.2991 0.3023       -0.0037 0.0038       -0.0350 0.0242 1 
 
3.6.2 Diagnostic Tests 
As part of the empirical analysis, I perform diagnostic tests on the distributional properties of 
each time series data to ensure that the data generating process is stationary and therefore fit 
for use in empirical analysis. A stationary process implies absence of unit root and 
autocorrelation. I measure sample autocorrelation using the Augmented Dickey-Fuller as well 
as the Phillips-Perron statistics. The null hypothesis in each case is the presence of unit root. 
                                                      
16 http://www.imf.org/external/data.htm 
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The results summarised in Appendix 1 show that for each of the three assets, the logarithmic 
prices are integrated but their first differences (returns) are not. Hence, I can reject the 
presence of unit root in the log returns. This conclusion is confirmed by the KPSS test results 
in Appendix 2. The KPSS unit root statistic tests the null hypothesis of no unit root in the 
data. The results show that I can reject the null at the 5% significance level in respect of 
logarithmic prices but I cannot reject it in the case of differences in logarithmic prices 
(returns). This means that there is no unit root in returns of all three commodities. 
Correlation measures linear relationship between spot and futures returns while 
cointegration or error correction models have been found to be most suitable for capturing 
long-term relationships. I examine the sufficiency of the correlation coefficient as a measure 
of the relationship between the spot and futures price pairs of each commodity using a scatter 
plot of the returns in Figure 3.1.  
 
 
Figure 3.1 Scatter Plot of Daily Commodity Returns 
 
The following is a scatter plot by type of asset between the daily spot and futures return series during the period 
January 2000 and March 2012.  
 
 
The scatter plots show evidence of strong correlation between the spot and futures returns 
of each asset. Again, I examine the normality of the return distributions of the dataset using 
Q-Q plots in Figure 3.2: 
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Figure 3.2 Quantile-Quantile (Q-Q) Plot  
The figure below is a Quantile-Quantile plot of commodity returns showing deviations from the normal 
distribution.  
 
The figure shows evidence of non-normal distribution for all the dataset as characterised 
by deviations from the implied inverse normal distribution line. Non-normality in the return 
distribution is due to the existence of skewness and excess kurtosis in the data as can be seen 
in Figure 3.3 below: 
 
 
Figure 3.3 Dot Plot of Daily Commodity Returns 
This figure is a dot plot of commodity returns showing evidence of non-normal distribution, skewness and 
kurtosis.
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3.7 Results 
The strategy for modelling optimal allocation of resources given a wealth constraint can be 
done conditionally or unconditionally. Whether the strategy is conditional or not depends on 
the choice of the parameters used in the optimisation programme. The parameters in this case 
refer to expected returns, variances and covariance of the assets and liabilities. In this section, 
I focus my attention on unconditional strategies. 
In this setting, I assume that there is no time variation in the investment opportunity set. 
This implies that there is no predictability and expected returns, variances and covariance do 
not change over time regardless of market conditions. For each asset and liability, I estimate 
expected return   and sample standard deviation  as follows: 
 
    


N
t
tr
N 1
1
                     (3.55) 
 




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N 1
22
1
1

            (3.56) 
where 






1t
t
t
S
S
logr  and N , the number of observations  To find the optimal portfolio, I use 
Sharpe ratio as the primary performance measure and the portfolio with the largest Sharpe 
ratio is selected. Where there are more than one portfolios with the largest Sharpe ratio, I 
select the one producing the lowest maximum drawdown and then the portfolio with the 
lowest value-at-risk. That is, the optimal portfolio selection is based primarily on the Sharpe 
ratio, then the maximum drawdown followed by the value-at-risk in that order
17
. The 
portfolio Sharpe ratio pSharpe is measured as follows
18
: 
   
p
Fp
p
r
Sharpe

 
              (3.57) 
 
The maximum drawdown is an ex ante proxy for downside risk which does not require 
further assumptions to be made about minimum acceptable portfolio return. It is measured as 
                                                      
17 For this reason, the selected portfolio can actually be said to be a mean-variance-VaR-maximum 
drawdown portfolio. 
18 Since the country currently has no established target rate of return on sovereign investments, it would be 
superfluous to make assumptions about a minimum acceptable return. For this reason, I use the Gaussian Sharpe 
ratio of the portfolio return rather than the downside-Sharpe ratio or the Sortino measure originally suggested by 
Ziemba (2005). 
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the maximum possible percentage loss in the total portfolio return over the entire sample 
period. It is computed as: 
      
    



 



(XtXmaxmax)T(MDD
,tT, 00           (3.58) 
 
The value-at-risk (VaR) measure is estimated over a monthly period using the modified 
VaR estimator originally proposed by Zangari (1996) and adopted by many including Cao, 
Harris and Shen (2010) as well as Fabozzi, Rachev and Stoyanov (2012) in portfolio risk 
measurement that corrects for skewness and excess kurtosis in return series. It is a 
modification of the traditional Gaussian VaR to account for skewness and kurtosis using the 
Cornish-Fisher expansion (Cornish and Fisher (1938)). Again, while the traditional VaR 
accounts for correlation risks, the Cornish-Fisher modified VaR accounts for all risks 
including co-skewness and co-kurtosis in the portfolio components. It is formalised as: 
 
      pppp SzzKzzSzzMVaR   





 2332 52
36
1
3
24
1
1
6
1
         (3.59) 
 
 
where z is the α-percentile of standard normal distribution  with a 95% confidence level, S
denotes portfolio skewness, K is portfolio kurtosis and the expression in the square brackets 
is the Cornish-Fisher correction to the Gaussian value-at-risk measure. Detailed and 
systematic information about how to implement the model can be found in Maillard (2012), 
Boudt, Peterson and Croux (2009) and Bhandari and Das (2009). 
Using gold, oil and cocoa as proxy for Ghana‘s assets, I summarise the annualised returns 
and volatilities as well as the Sharpe ratios and other performance attribution measures of the 
commodity investments in an equally weighted portfolio in Table 3.2: 
 
Table 3.2 Summary of Performance Measures  
 Annualised 
Return 
(%) 
Excess 
Return 
(%) 
Annualised 
Volatility 
%) 
Sharpe 
Ratio 
Cornish-Fisher 
Modified VaR 
(%) 
Maximum 
Drawdown 
(%) 
Gold 17.26 8.26 19.22 0.43 8.93 35.29 
Crude Oil 21.36 12.36 38.57 0.32 12.53 56.12 
Cocoa 14.20 5.20 33.70 0.15 14.61 59.15 
 
 
The excess return figures are calculated as the expected return on the asset less the 
riskless interest rate of 9%. The riskless interest rate is estimated as the implied return on US 
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government treasury bonds adjusted for developing economies country specific risks and 
conforms to the rate used in Caballero and Panageas (2005)
19
. The table shows that gold 
generates the largest Sharpe ratio of 43% while cocoa is the worst in terms of Sharpe ratio 
contribution. Given the above results, further analysis reveals that an equally weighted 
commodities portfolio generates an annualised return of 17.61% and annualised volatility of 
18.73%. Again, the portfolio Sharpe ratio is 46% and produces a maximum drawdown for the 
entire sample period amounting to 31.22% and a monthly Cornish-Fisher modified value-at-
risk of 10.02% with a 95% confidence level as shown in Figure 3.4. 
 
 
Figure 3.4 Equally Weighted Commodities Portfolio Performance Results 
 
 
 
As expected, the portfolio generates superior performance in terms of Sharpe ratio, value-at-
risk (with the exception of gold) and maximum drawdown than any of the individual assets. 
Clearly, a portfolio approach to commodity investment potentially produces greater utility 
gains for Ghana. In the next section, I explore different strategies by which the results could 
be improved even further. 
 
                                                      
19 The current government of Ghana 91-day Treasury bond annualised rediscount rate is quoted at 21.83% 
as of 06/07/2013 while the Ghana cedi to the US Dollar exchange rate on the same day was 2Ghana cedi to the 
Dollar. Taking into account inflation differential between the two countries and adjusting the Treasury bond rate 
by purchasing power parity, I obtain a rate not significantly different from the 9% used for the analysis. 
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3.7.1 Assets only Portfolio 
Assuming that there are no liabilities, I set 0k and construct an assets only portfolio 
exploiting the low correlations between the assets to improve the results. The aim is to 
maximise expected return of Ghana‘s assets and lower the risks using the objective function 
in equation (3.43). I do this by first estimating the optimal portfolio weights 
  in a manner 
that also satisfies the constraint in equation (3.44). I perform the estimations by imposing 
non-negativity constraint on the individual asset weights and by ensuring that the weights 
sum up to one. The results are as summarised in Table 3.3. 
 
 
Table 3.3 Optimal  Results for Gold, Oil and Cocoa Portfolios 
 
This table summarises the portfolio results of an assets-only optimisation with no cardinality constraints. The 
monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the maximum drawdown is the 
estimate for the entire sample period covering 1st January 2000 to 31st March 2012. The best strategy is 
highlighted in bold. The optimisation is performed at risk aversion level gamma=5 and liability importance 
coefficient k=0. 
  
 
Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility  Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 17.23 15.70 0.52 8.13 22.35  64.85 14.58 20.57 
2 17.52 15.83 0.54 7.83 20.16  64.72 18.76 16.52 
3 17.82 16.24 0.54 7.45 17.31  64.58 22.95 12.47 
4 18.11 16.89 0.54 7.17 13.48  64.45 27.13 8.42 
5 18.51 17.76 0.54 6.92 11.89  64.32 31.31 4.37 
6 18.70 18.82 0.52 6.62 12.98  64.18 35.82 0.00 
7 19.00 20.15 0.50 6.62 12.90  57.56 42.44 0.00 
8 19.30 21.82 0.47 6.57 12.59  50.36 49.64 0.00 
9 19.59 23.77 0.45 6.71 12.20  43.17 56.83 0.00 
10 19.89 25.93 0.42 6.80 12.00  35.97 64.03 0.00 
11 20.18 28.25 0.40 7.08 12.15  28.78 71.22 0.00 
12 20.48 30.70 0.37 8.00 15.92  21.58 78.42 0.00 
13 20.77 33.25 0.35 8.84 22.32  14.39 85.61 0.00 
14 21.07 35.88 0.34 10.74 35.69  7.19 92.81 0.00 
15 21.36 38.57 0.32 18.61 81.83  0.00 100 0.00 
 
 
The results in Table 3.3 show that the unconditional portfolio optimisation model 
significantly improves the Sharpe ratio up to 54% (portfolio 5) and yet the risk is reduced to 
17.76%. This result is achieved with optimal portfolio weights of 64% gold, 31% oil and 
about 5% cocoa.  Further analysis reveals significantly improved performance over the 
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equally weighted portfolio since the maximum drawdown is now 11.89% (compared with 
31.22%) and the monthly Cornish-Fisher modified VaR is 6.92% (compared with 10.02%).  
Interestingly, among the 15 sets of portfolios studied, portfolio 5, (the model implied optimal 
portfolio) in addition to generating the largest risk-adjusted return or Sharpe ratio is also the 
one that produces the lowest maximum drawdown. The efficient frontier of Ghana assuming 
the country can borrow at the riskless rate of 9% is presented in Figure 3.5.  
 
 
Figure 3.5 Portfolio Efficient Frontier without Cardinality Constraints 
 
 
These results are based on a risk aversion parameter of 5 . However, it is important to 
note that the results are very sensitive to the risk aversion parameter as can be seen in Figure 
3.6: 
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Figure 3.6 The relationship Between Optimal Portfolio, Returns and Risk Aversion 
 
This figure plots optimal risky-assets share and portfolio return as functions of the risk aversion coefficient. 
The vertical blue axis and blue curve represent optimal portfolio fraction while the red vertical axis and red 
curve plot the annualised portfolio returns. The level of investor‘s risk aversion is on the horizontal axis. 
 
 
The above diagram is based on the estimations in Table 3.3. What is most noticeable is 
that both the optimal risky assets share and the portfolio return decrease with risk aversion 
but the risky assets share decays at a faster rate thereby widening the gap between that share 
and the portfolio return and the magnitude of this difference depends on the risk free rate. 
The lower the risk free rate the smaller the difference at a given level of risk aversion. 
The 2011-budget statement reveals that the relative contributions of the assets to GDP are 
gold 5%, oil 38% and cocoa 57%. Where the individual asset weights are fixed at these 
levels, the annualised portfolio return and risk become 17.07% and 26.03% respectively 
producing a Sharpe ratio of 31%. In this case, the maximum drawdown of the portfolio is 
measured at 37.97% while the monthly VaR is computed as 12.22%. These results are worse 
than the optimal results obtained in Table 3.3. In fact, they are even worse than an equally 
weighted portfolio strategy, implying that current relative weights are not optimal. 
However, what would the results be in the presence of cardinality constraints on the 
portfolio fractions of the individual assets? To find out, I perform the optimisation again but 
this time, I impose the maximum weight constraints of gold 9%, oil 50% and cocoa 79%.  
The best result obtained is portfolio 10 with a Sharpe ratio of 37%; monthly VaR of 11.63% 
and maximum drawdown of 36.30%. The portfolio performance results are as summarised in 
Table 3.4. 
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Table 3.4 Optimal Assets-Only Portfolio Results with Cardinality Constraints 
This table summarises the portfolio results of an assets-only optimisation with maximum weight constraints on 
each asset. The constraints imposed are gold 9%, oil 50% and cocoa 79%. These have been derived after taking 
into consideration the available labour, land and other resource availability in Ghana.  The monthly Cornish-
Fisher VaR is estimated at the 95% confidence level while the maximum drawdown is the estimate for the entire 
sample period covering 1st January 2000 to 31st March 2012. The results for the model implied optimal portfolio 
strategy is the one in bold font. The optimisation is performed at risk aversion level gamma=5 and liability 
importance coefficient k=0. 
    Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 17.28 23.59 0.35 11.88 36.95  9.00 39.12 51.88 
2 17.23 23.59 0.35 11.83 36.88  9.00 39.89 51.11 
3 17.39 23.60 0.36 11.82 36.84  9.00 40.67 50.33 
4 17.44 23.62 0.36 11.76 36.71  9.00 41.45 49.55 
5 17.50 23.64 0.36 11.74 36.61  9.00 42.23 48.77 
6 17.56 23.67 0.36 11.72 36.57  9.00 43.00 48.00 
7 17.61 23.71 0.36 11.69 36.52  9.00 43.78 47.22 
8 17.67 23.75 0.37 11.65 36.41  9.00 44.56 46.44 
9 17.72 23.80 0.37 11.64 36.36  9.00 45.34 45.66 
10 17.78 23.85 0.37 11.63 36.30  9.00 46.11 44.89 
11 17.83 23.91 0.37 11.66 36.40  9.00 46.89 44.11 
12 17.89 23.98 0.37 11.66 36.41  9.00 47.67 43.33 
13 17.95 24.05 0.37 11.67 36.44  9.00 48.45 42.55 
14 18.00 24.13 0.37 11.67 36.46  9.00 49.22 41.78 
15 18.06 24.22 0.37 11.68 36.49  9.00 50.00 41.00 
 
 
Obviously, the results are much worse than an equally weighted portfolio although better 
than the 31% that the country‘s current strategy can generate. Next, I examine the impact on 
the portfolio results of changing the constraints on the individual assets. First, I impose the 
maximum weight constraint on gold but allow any positive weights on the other assets and 
then summarise the results in Table 3.5 below. 
The results indicate that the best strategy is portfolio 7 with a Sharpe ratio of 38%, 
maximum drawdown of 34.84% and monthly VaR of 11.19%.  In Table 3.6, optimal 
portfolio strategies have been estimated after imposing the maximum constraint on cocoa. 
Here, the optimal Sharpe ratio is 54% (portfolio 5); maximum drawdown is 11.89% while the 
monthly VaR is 6.92%. 
 
 
 
 
3. Mean-Variance Asset-Liability Management 
 
77 
 
Table 3.5 Optimal Portfolio Results with Maximum Weight Constraint on Gold 
 
This table summarises the portfolio results of an assets-only optimisation with maximum weight constraint of 
9% imposed on gold.  The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for the entire sample period covering 1st January 2000 to 31st March 2012. 
The results for the model implied optimal portfolio strategy is in bold font. 
    Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 17.28 23.59 0.35 11.88 36.95  9.00 39.12 51.88 
2 17.57 23.68 0.36 11.77 36.74  9.00 43.19 47.81 
3 17.86 23.95 0.37 11.68 36.49  9.00 47.27 43.73 
4 18.15 24.38 0.38 11.61 36.19  9.00 51.34 39.66 
5 18.44 24.98 0.38 11.54 35.84  9.00 55.42 35.58 
6 18.74 25.73 0.38 11.38 35.40  9.00 59.49 31.51 
7 19.03 26.61 0.38 11.19 34.84  9.00 63.56 27.44 
8 19.32 27.62 0.37 10.93 34.12  9.00 67.64 23.36 
9 19.61 28.74 0.37 10.53 33.14  9.00 71.71 19.29 
10 19.90 29.96 0.36 10.10 31.74  9.00 75.79 15.21 
11 20.20 31.27 0.36 9.71 29.57  9.00 79.86 11.14 
12 20.49 32.66 0.35 9.00 25.76  9.00 83.94 7.06 
13 20.78 34.11 0.35 9.02 18.80  9.00 88.01 2.99 
14 21.07 35.91 0.34 10.75 35.94  7.11 92.89 0.00 
15 21.36 38.57 0.32 18.61 81.83  0.00 100 0.00 
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Table 3.6 Optimal Portfolio Results with Maximum Weight Constraint on Cocoa 
 
This table summarises the portfolio results of an assets-only optimisation with maximum weight constraint of 
79% imposed on cocoa.  The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for the entire sample period covering 1st January 2000 to 31st March 2012. 
The results for the model implied optimal portfolio strategy is in bold font. The optimisation is performed at risk 
aversion level gamma=5 and liability importance coefficient k=0. 
    Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 17.23 15.70 0.52 8.13 22.35  64.85 14.58 20.57 
2 17.52 15.83 0.54 7.83 20.16  64.72 18.76 16.52 
3 17.82 16.24 0.54 7.45 17.31  64.58 22.95 12.47 
4 18.11 16.89 0.54 7.14 13.48  64.45 27.13 8.42 
5 18.54 17.76 0.54 6.92 11.89  64.32 31.31 4.37 
6 18.70 18.82 0.52 6.62 12.98  64.18 35.82 0.00 
7 19.00 20.15 0.50 6.62 12.90  57.56 42.44 0.00 
8 19.30 21.82 0.47 6.57 12.59  50.36 49.64 0.00 
9 19.59 23.77 0.45 6.71 12.20  43.17 56.83 0.00 
10 19.89 25.93 0.42 6.80 12.00  35.97 64.03 0.00 
11 20.18 28.25 0.40 7.08 12.15  28.78 71.22 0.00 
12 20.48 30.70 0.37 8.00 15.92  21.58 78.42 0.00 
13 20.77 33.25 0.35 8.84 22.32  14.39 85.61 0.00 
14 21.07 35.88 0.34 10.74 35.69  7.19 92.81 0.00 
15 21.36 38.57 0.32 18.61 81.83  0.00 100 0.00 
 
 
Imposing maximum constraint on oil, the best strategy produces optimal Sharpe ratio of 
54% (portfolio 9), a portfolio maximum drawdown of 11.70% and a monthly VaR of 6.90% 
as can be seen in the Table 3.7:  
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Table 3.7 Optimal Portfolio Results with Maximum Weight Constraint on Crude Oil 
 
This table summarises the portfolio results of an assets-only optimisation with maximum weight constraint of 
50% imposed on crude oil.  The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for the entire sample period covering 1st January 2000 to 31st March 2012. 
The results for the model implied optimal portfolio strategy is in bold font. The optimisation is performed at risk 
aversion level gamma=5 and liability importance coefficient k=0. 
    Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 17.23 15.70 0.52 8.13 22.35  64.85 14.58 20.57 
2 17.37 15.73 0.53 7.88 21.31  64.78 16.69 18.53 
3 17.52 15.84 0.54 7.83 20.14  64.72 18.79 16.49 
4 17.67 16.01 0.54 7.56 18.80  64.65 20.90 14.45 
5 17.82 16.24 0.54 7.46 17.26  64.58 23.01 12.41 
6 17.97 16.55 0.54 7.27 15.48  64.51 25.12 10.37 
7 18.12 16.91 0.54 7.18 13.39  64.45 27.22 8.33 
8 18.27 17.32 0.54 7.14 12.01  64.38 29.32 6.30 
9 18.42 17.79 0.54 6.90 11.70  64.31 31.43 4.26 
10 18.57 18.30 0.52 6.70 12.12  64.25 33.53 2.22 
11 18.71 18.86 0.51 6.65 13.05  64.18 35.82 0.00 
12 18.86 19.49 0.51 6.64 13.03  60.87 39.13 0.00 
13 19.01 20.22 0.50 6.62 12.89  57.25 42.75 0.00 
14 19.16 21.03 0.48 6.57 12.74  53.62 46.38 0.00 
15 19.31 21.91 0.47 6.56 12.57  50.00 50.00 0.00 
 
 
 
Noticeably, the optimal result is equivalent to portfolio strategy 5 in Table 3.3 where no 
constraints were imposed on the individual portfolio weights except that we now have some 
marginal improvements in both the VaR and the maximum drawdown. 
The analysis indicates that in the assets-only case, the most efficient portfolio strategy is 
that which allocates 64.31% to gold, 31.43% to crude oil and the remaining 4.26% to cocoa. 
This strategy generates performance in terms of Sharpe ratio, VaR as well as maximum 
drawdown that are superior to both an equally weighted portfolio and the country‘s current 
commodities investment strategy of 5% gold, 38% crude oil and 57% cocoa. 
Finally, I summarise the main results from the assets-only portfolio model as follows: the 
model improves the Sharpe ratio by 23% (i.e. up from the current level of 31% to 54%). In 
addition, the VaR is reduced by 5.30% (i.e. down from 12.22% to 6.92%) while the 
maximum drawdown improves by 26.08% (i.e. down from 37.97% to 11.89%) as evident in 
the comparison of the optimal portfolio as presented in Table 3.3 and the current one.  
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3.7.2 Robustness Tests 
In this section, I perform in-sample tests to check that the model results are robust to possible 
regime changes in the sample data. To do this, I partition the dataset into three sub-samples. 
The pre-crisis period covering 1
st
 January 2000 to 31
st
 December 2006; the crisis period 
covering 1
st
 January 2007 to 31
st
 December 2009 and the post-crisis period from 1
st
 January 
2010 to 31
st
 March 2012. Three in-sample tests are performed in respect of the assets-only 
case with or without cardinality constraints on the portfolio weights. Firstly, the optimisation 
is performed without imposing any further constraints on the assets other than the sum of the 
portfolio weights, which must be unity and report the results in Table 3.8. Next, I impose 
maximum constraints on the individual asset weights during the optimisation and summarise 
the results in Table 3.9. 
The general observation from the two optimisations is that the portfolio Sharpe ratios 
have become larger since the financial markets crisis and this phenomenon seems to persist 
well after the crisis. In spite of this clear evidence of regime change in the data, the model 
seems to perform optimally irrespective of the sub-sample used for the analysis. This is 
evident in the fact that the model implied optimal portfolios generate superior performance 
with the best Sharpe ratio and the lowest value-at-risk and maximum drawdown statistics 
than any other portfolio.  
For each of the sub-samples, the optimal results from the unconditional model have been 
highlighted in bold font and can be easily compared with other portfolio strategies as can be 
observed in Table 3.8 and Table 3.9. In addition, I have included the results for an equally 
weighted portfolio as portfolio 1 and the country‘s current portfolio holdings of the assets as 
portfolio 2 in Table 3.8 for easy comparison with the model implied optimal results.  
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Table 3.8 In-Sample Test Results of Optimal Portfolio without Cardinality Constraints  
 
This table summarises the robustness test results of the assets-only portfolio optimisation without maximum 
weight constraints. The only constraints imposed are non-negativity and the sum of portfolio weights that must 
be equal to one. The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the maximum 
drawdown is the estimate for each sub-sample period. The results for the model implied optimal portfolio 
strategy are in bold font. The optimisation is performed at risk aversion level gamma=5 and liability importance 
coefficient k=0. 
    Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
Jan 2000 –
Dec 2006      
 
   
1 16.61 17.44 0.44 12.17 28.05  33.33 33.33 33.34 
2 15.80 21.33 0.32 19.39 22.74  38.00 5.00 57.00 
3 15.57 14.03 0.47 7.15 19.81  63.69 20.57 15.74 
4 16.10 15.03 0.47 7.90 23.29  51.29 30.27 18.44 
5 16.37 15.86 0.46 8.28 25.02  45.09 35.12 19.80 
6 16.64 16.86 0.45 8.62 26.73  38.89 39.96 21.15 
7 16.91 18.01 0.44 8.90 28.44  32.68 44.81 22.50 
8 17.18 19.28 0.42 9.22 30.14  26.48 49.66 23.85 
9 17.45 20.65 0.41 9.64 31.83  20.28 54.51 25.21 
10 17.72 22.10 0.39 10.01 33.51  14.08 59.36 26.56 
11 17.99 23.62 0.38 10.44 35.18  7.88 64.21 27.91 
12 18.25 25.19 0.37 10.97 36.84  1.68 69.06 29.27 
13 18.52 27.03 0.35 10.80 36.49  0.00 78.29 21.71 
14 18.79 29.64 0.33 10.18 33.81  0.00 89.14 10.86 
15 19.06 32.86 0.31 18.33 29.61  0.00 100 0.00 
Jan 2007 –
Dec 2009 
     
 
   1 24.27 23.86 0.64 15.01 13.67  33.33 33.33 33.34 
2 26.01 21.49 0.79 9.46 13.72  38.00 5.00 57.00 
3 24.47 19.20 0.81 11.28 11.37  54.45 9.10 36.45 
4 25.20 19.92 0.81 11.64 12.54  46.35 7.42 46.23 
5 25.57 20.54 0.81 12.13 13.04  42.30 6.58 51.12 
6 25.93 21.31 0.79 11.93 13.60  38.25 5.74 56.01 
7 26.30 22.21 0.78 12.07 14.11  34.20 4.90 60.90 
8 26.67 23.23 0.76 12.42 14.57  30.15 4.06 65.79 
9 27.03 24.35 0.74 12.75 14.99  26.10 3.22 70.68 
10 27.40 25.57 0.72 13.14 15.37  22.05 2.38 75.59 
11 27.77 26.86 0.70 13.50 15.73  18.00 1.54 80.47 
12 28.13 28.22 0.68 13.83 16.05  13.95 0.70 85.36 
13 28.50 29.63 0.66 13.98 16.36  9.75 0.00 90.25 
14 28.87 31.11 0.64 14.11 16.69  4.88 0.00 95.12 
15 29.23 32.63 0.62 14.24 17.00  0.00 0.00 100 
Jan 2010 –
Mar 2012 
     
 
   1 10.98 14.42 0.14 12.32 8.86  33.33 33.33 33.34 
2 19.58 18.44 0.38 28.43 14.69  38.00 5.00 57.00 
3 16.24 13.40 0.54 8.26 8.50  49.41 33.43 17.15 
4 17.71 13.63 0.64 7.73 8.06  51.00 36.01 12.99 
5 18.45 13.81 0.68 7.77 7.80  51.80 37.29 10.91 
6 19.19 14.02 0.73 7.55 7.51  52.59 38.58 8.83 
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7 19.92 14.26 0.77 7.48 7.17  53.39 39.87 6.75 
8 20.66 14.53 0.80 7.34 7.48  54.18 41.15 4.67 
9 21.39 14.84 0.83 7.33 8.10  54.97 42.44 2.59 
10 22.13 15.17 0.87 7.14 8.79  55.77 43.73 0.50 
11 22.87 15.85 0.88 6.88 8.74  44.68 55.32 0.00 
12 23.60 17.52 0.83 6.61 8.23  29.79 70.21 0.00 
13 24.34 19.96 0.77 5.79 7.12  14.89 85.11 0.00 
14 25.07 22.92 0.70 10.30 15.08  0.00 100 0.00 
 
 
 
 
 
Table 3.9 In-Sample Test Results of Optimal Portfolio with Cardinality Constraints  
 
This table summarises the robustness test results of the assets-only portfolio optimisation with maximum weight 
constraints on the assets. Additional constraints imposed are non-negativity and the sum of portfolio weights 
that must be equal to one. The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for each sub-sample period. The results for the model implied optimal 
portfolio strategy are in bold font. The optimisation is performed at risk aversion level gamma=5 and liability 
importance coefficient k=0. 
    Performance  Weights 
Portfolio Annualised 
Return 
(%) 
Annualised 
Volatility 
(%) 
Sharpe 
Ratio 
 
Cornish-Fisher 
Modified VaR 
(%) 
Maximum 
Drawdown 
(%) 
 Gold 
 
(%) 
Crude Oil 
 
(%) 
Cocoa 
 
(%) 
Jan 2000 
–Dec 2006      
 
   
1 17.59 22.29 0.39 10.94 36.34  9.00 49.49 41.51 
2 17.62 22.34 0.39 10.94 36.35  8.79 50.00 41.21 
3 16.63 22.50 0.34 11.01 36.53  8.06 50.00 41.94 
4 17.65 22.66 0.38 11.07 36.70  7.33 50.00 42.67 
5 17.66 22.83 0.38 11.14 36.87  6.59 50.00 43.41 
6 17.68 23.00 0.38 11.19 37.03  5.86 50.00 44.14 
7 17.72 23.34 0.37 11.27 37.35  4.40 50.00 45.60 
8 17.73 23.51 0.37 11.33 37.50  3.66 50.00 46.34 
9 17.77 23.87 0.37 11.41 37.80  2.20 50.00 47.80 
10 17.82 24.42 0.36 11.56 38.22  0.00 50.00 50.00 
Jan 2007 
–Dec 2009 
     
 
   1 26.93 26.48 0.68 13.80 16.12  9.00 22.01 68.99 
2 26.98 26.48 0.68 13.81 16.13  9.00 21.29 69.71 
3 27.15 26.54 0.68 13.84 16.17  9.00 19.11 71.89 
4 27.31 26.67 0.69 13.87 16.20  9.00 16.93 74.07 
5 27.52 26.95 0.69 13.90 16.24  9.00 14.02 76.98 
Jan 2010 
–Mar 2012 
     
 
   1 9.35 16.81 0.02 12.25 14.69  9.00 50.00 41.00 
2 9.36 16.82 0.02 12.21 14.74  9.00 49.87 41.13 
3 9.38 16.84 0.02 12.27 14.77  9.00 49.61 41.39 
4 9.41 16.88 0.02 12.36 14.87  9.00 49.55 41.45 
5 9.39 16.92 0.02 12.43 15.09  9.00 49.07 41.93 
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3.7.3 Asset and Liability Portfolio 
I have so far assumed that the only driver of sovereign wealth is export income and therefore 
concentrated on assets-only portfolio strategies.  However, every nation has sovereign 
liabilities, much less a developing country like Ghana. The question then is, how can Ghana 
improve the return on its assets by matching the assets with its liabilities? To answer this 
question, I account for the sum of Ghana‘s current account deficit and net debt as sovereign 
liabilities.  Net debt is calculated as gross debt minus financial assets corresponding to debt 
instruments. These financial assets are monetary gold, World Bank special drawing rights 
(SDRs), currency deposits and account receivables. Liabilities comprise debt securities, 
loans, insurance or social security, pension costs, standardised guarantee schemes, and other 
account payables. Figure 3.7 plots these two components of liabilities as a ratio of GDP for 
the period 1990-2016 (with projections from 2013 to 2016): 
 
Figure 3.7 Ghana‘s External Debts and Current Account Deficits  
 
This figure presents Ghana‘s external debts and current account deficits as a proportion of GDP for the Period 
1990 – 2016. It shows a steady growth in the proportion of GDP borrowed from both domestic and external 
sources. 
 
 
We can see from the diagram a steady rise in current account deficits and net external 
debts to GDP ratio during the sample period. This indicates a steady increase in sovereign 
liabilities, which require special attention in the optimisation model. However, due to the 
difficulty of obtaining accurate valuation of liabilities, I use the JPMorgan Emerging Markets 
Bond Index (EMBI+) as proxy and estimate the realised bond yield over the sample period. 
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For the unconditional asset and liability model, I estimate the optimal strategy for Ghana 
by maximising the objective function in (3.43) and summarise the results in Table 3.10.  
Firstly, the constraints imposed on the model are the usual non-negativity of portfolio weights 
and the sum of the weights that must sum up to unity. Secondly, cardinality constraints are 
imposed on the portfolio weights and the results re-estimated. The new results are reported in 
Table 3.11. As in the assets-only case, the optimal results have been highlighted in bold font. 
In respect of the unconstrained model results in Table 3.10, an equally weighted portfolio is 
presented as portfolio 1 while portfolio 2 represents the country‘s current asset-liability 
strategy. Unsurprisingly, all the available portfolio strategies indicated are outperformed by 
the model implied optimal results in all the three main portfolio performance attribution 
measures namely Sharpe ratio, maximum drawdown and value-at-risk as can be observed in 
the following tables: 
 
 
 
 
Table 3.10 Asset-Liability Portfolio Results-No Cardinality Constraints  
 
This table summarises the results of asset and liability portfolio in a full surplus optimisation without maximum 
weight constraints on the assets. The constraints imposed are non-negativity and the sum of portfolio weights 
that must be equal to one. The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for the entire sample period. The results for the model implied optimal 
portfolio strategy is in bold font. The optimisation is performed at risk aversion level gamma=5 and liability 
importance coefficient k=1. 
  
 
Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility  Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 5.59 26.42 0.21 38.01 31.22  33.33 33.33 33.34 
2 3.72 27.77 0.13 42.11 33.75  38.00 5.00 57.00 
3 5.56 23.47 0.23 33.37 18.45  71.08 13.73 15.19 
4 5.23 23.53 0.22 33.59 22.35  64.85 14.58 20.57 
5 5.52 23.64 0.23 33.48 20.16  64.72 18.76 16.52 
6 5.89 23.93 0.25 33.66 17.31  64.58 22.95 12.47 
7 6.11 24.39 0.25 34.13 13.48  64.45 27.13 8.42 
8 6.41 25.02 0.26 34.88 11.89  70.02 18.75 11.23 
9 6.73 25.87 0.26 35.96 13.14  64.18 35.82 0.00 
10 7.00 26.95 0.26 37.47 12.90  57.56 42.44 0.00 
11 5.47 23.62 0.23 33.50 20.86  64.18 18.25 17.57 
12 5.24 24.05 0.22 34.44 26.28  54.18 19.25 26.57 
13 4.98 25.00 0.20 36.26 30.14  44.18 19.98 35.84 
14 5.52 24.47 0.23 34.85 26.35  50.00 25.00 25.00 
15 5.11 27.61 0.19 40.44 34.19  25.00 30.00 45.00 
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Table 3.11 Asset-Liability Portfolio Results-Maximum Constraints Imposed on All Assets 
 
This table summarises the results of asset and liability portfolio in a full surplus optimisation with maximum 
weight constraints on the assets. The constraints imposed are non-negativity and the sum of portfolio weights 
that must be equal to one. The monthly Cornish-Fisher VaR is estimated at the 95% confidence level while the 
maximum drawdown is the estimate for the entire sample period. The results for the model implied optimal 
portfolio strategy is in bold font. The optimisation is performed at risk aversion level gamma=5 and liability 
importance coefficient k=1. 
     Performance  Weights 
Portfolio Annualised Annualised Sharpe Cornish-Fisher Maximum  Gold Crude Oil Cocoa 
  Return Volatility  Ratio Modified VaR Drawdown  
   
  (%) (%) 
 
(%) (%)  (%) (%) (%) 
  
     
 
   
1 5.59 30.65 0.18 44.98 36.72  9.00 43.49 47.51 
2 5.28 30.56 0.17 45.14 36.95  9.00 39.12 51.88 
3 5.33 30.56 0.17 45.09 36.92  9.00 39.89 51.11 
4 5.39 30.57 0.18 45.05 36.88  9.00 40.67 50.33 
5 5.44 30.58 0.18 45.02 36.84  9.00 41.45 49.55 
6 5.50 30.60 0.18 45.00 36.79  9.00 42.23 48.77 
7 5.55 30.63 0.18 44.98 36.75  9.00 43.00 48.00 
8 5.61 30.66 0.18 44.98 36.71  9.00 43.78 47.22 
9 5.67 30.69 0.18 44.97 36.66  9.00 44.56 46.44 
10 5.72 30.73 0.19 44.99 36.61  9.00 45.34 45.66 
11 5.78 30.78 0.19 45.01 36.57  9.00 46.11 44.89 
12 5.83 30.83 0.19 45.03 36.52  9.00 46.89 44.11 
13 5.89 30.88 0.19 45.07 36.46  9.00 47.67 43.33 
14 5.94 30.94 0.19 45.11 36.41  9.00 48.45 42.55 
15 6.06 31.07 0.20 45.22 36.30  9.00 50.00 41.00 
 
 
3.7.4 Sensitivity Analysis 
In this section, I perform sensitivity analysis to examine the effect of changes in sovereign 
debt, caused by changes in interest rates, on optimal strategy. All the analysis assumes a 
liability importance coefficient k=1 and a risk aversion of level of Gamma=10. A risk 
aversion parameter of 10 is the worst-case scenario for a country like Ghana and is therefore 
appropriate for the sensitivity analysis the results of which are presented in Table 3.12:  
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Table 3.12 Sensitivity Analysis in the Presence of Minimum Weight Constraints 
 
This table presents the results of the analysis of the effect of changes in interest rates on optimal strategy. In 
addition to the usual non-negativity and total portfolio weight constraint of one, I have imposed a minimum 
constraint of 10% on all commodities. 
 Interest Rate 
Current 
Interest Rate 
+10% 
Interest Rate 
-10% 
Interest Rate 
+15% 
Interest Rate 
-15% 
      
Gamma 10 10 10 10 10 
k 1 1 1 1 1 
Annualised Return (%) 5.30 4.10 6.50 3.50 7.10 
Annualised Volatility (%) 23.45 23.45 23.45 23.45 23.45 
Sharpe Ratio 0.23 0.17 0.28 0.15 0.30 
Gold (%) 71.10 71.10 71.10 71.10 71.10 
Oil (%) 12.92 12.92 12.92 12.92 12.92 
Cocoa (%) 15.98 15.98 15.98 15.98 15.98 
 
The above analysis shows the optimal strategy in the face of current interest liabilities is 
71% gold, 16% cocoa and the remaining 13% in oil. Thus, the optimisation recommends that 
the relative contribution of gold to GDP be increased from the current level of 5% while 
cocoa and oil are reduced from 57% and 38% respectively in order to achieve optimal Sharpe 
ratio. These results were obtained after imposing a minimum 10% constraint on the weight of 
all commodities. That oil contribution is 13% therefore implies that just over the minimum 
investment is recommended in that asset. Regardless of whether interest rate rises or falls, the 
optimal strategy seems to be unaffected, as the relative portfolio weights remain almost 
unchanged.  However, the over 70% relative weight of gold is unsustainable as this is well 
above the maximum possible constraint of 9% given current resource availability. Therefore, 
I impose maximum constraints on all assets (but I allow gold to remain at 10%) and re-
perform the analysis. The results are as presented in Table 3.13 below:  
 
Table 3.13 Sensitivity Analysis in the Presence of Both Minimum and Maximum Weight Constraints 
 
This table presents the results of the analysis of the effect of changes in interest rates on optimal strategy. In 
addition to the usual non-negativity and total portfolio weight constraint of one, I have imposed a minimum 
constraint of 10% on oil and cocoa, and maximum weight constraints of gold 10%, oil 50% and cocoa 79%. 
  Interest Rate 
Current 
Interest Rate 
+10% 
Interest Rate 
+15% 
 
      
Gamma  10 10 10  
k  1 1 1  
Annualised Return (%)  5.23 4.03 0.05  
Annualised Volatility (%)  30.35 30.35 30.35  
Sharpe Ratio  0.17 0.13 0.11  
Gold (%)  10.00 10.00 10.00  
Crude Oil (%)  38.00 38.00 38.00  
Cocoa (%)  52.00 52.00 52.00  
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Given a risk aversion parameter of gamma=10 and liability importance coefficient of k=1, 
I obtain a realistic commodities investment strategy subject to the constraints. Further 
analysis reveals that the model implied results are robust to monotonic changes in interest 
rates and that given current levels of sovereign debts, it would require a 300% increase in 
interest rates to necessitate an increase in relative cocoa weight up to the maximum possible 
limit of 79% level at gamma of 10. In which case given the 10% maximum constraint 
imposed on gold, oil will be 11%. Conversely, it would take as much as 300% decrease in 
interest rates to require the maximum 50% strategy in oil at gamma of 10. Thus at the given 
level of risk aversion, and a maximum constraint on gold, increase in interest rates requires 
more investment in cocoa relative to oil in order to ensure optimal macroeconomic 
performance. Findings of these stress tests imply the optimisation results are robust and that 
the optimal commodities investment strategies are insensitive to realistic changes in the level 
of sovereign liabilities. 
 
3.8 Hedging Strategies for Ghana 
From the main results of the unconditional mean-variance asset-liability model as presented 
in Table 3.10, the following general observations could be made. Firstly, the model increases 
the Sharpe ratio by 13% (from the current level of 13% to 26%). Secondly, there is a decrease 
of 7.23% (i.e. from 42.11% to 34.88%) in monthly portfolio value-at-risk and finally, the 
maximum drawdown improves by as much as 18.6% (i.e. from the current level of 33.75% to 
11.89%). To achieve these results, the country‘s commodities investment strategy must 
change from the current relative portfolio fractions of gold 5%, crude oil 38% and cocoa 57% 
to the model implied optimal strategy of gold 70.02%, crude oil 18.75% and cocoa 11.23%.  
These results imply that substantial changes in output levels in the relevant sectors of the 
Ghanaian economy may be required to achieve optimal economic performance. This would 
require significant structural changes in the economy in order to achieve the substantial 
macroeconomic diversification required to implement the results implied by the model. 
However, macroeconomic diversification is an arduous task and takes several years of 
systematic change to accomplish. Financial diversification is therefore the easier and more 
realistic option for the country. This involves using financial derivative instruments to change 
the composition of Ghana‘s assets. An example would be to take a long position in futures of 
one commodity and a short position in another. This would mean taking for example, a long 
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position in gold and a short position in cocoa futures contracts in order to achieve the 70% 
gold and 11% cocoa optimal strategy suggested by the model. Before discussing the available 
hedging strategies in detail, a brief discussion of the regulatory and institutional environment 
is necessary, as this would potentially affect the efficiency of the implementation of any 
proposed hedging strategies. 
 
3.8.1 Regulatory and Institutional Setting 
Soon after the discovery of crude oil in commercial quantities was made public about five 
years ago, the government of Ghana was determined to avoid the mistakes of other oil 
producing countries. In light of this, parliament passed into law a new bill known as 
Petroleum Revenue Management Regulations. This law makes it mandatory for government 
to transfer a minimum of 30% of all oil related export incomes into a specially designated 
heritage fund account or a stabilisation fund. In addition, the government set up the first 
sovereign hedging programme in sub-Saharan Africa to manage sovereign income volatility 
risks due to oil price instability. The programme comprised crude oil import hedging with 
call options and a separate put option-hedging programme for the country‘s share of the crude 
oil output.  Initially, hedging was limited to 50% of imports and exports for a forward-
looking six-month horizon. However, due to significant initial success, the hedging 
programme was subsequently extended to 100% of imports and exports. The initial 
counterparties to the hedging programme were Standard Chartered Bank, Citibank, and BNP 
Paribas to be joined later by Barclays Capital, Morgan Stanley and Deutsche Bank. The 
Treasury Ministry (Ministry of Finance and Economic Planning) was charged with the initial 
oversight of the programme. After one year, the programme had become a key plank of the 
country‘s macroeconomic policy.  
To grant the programme quasi-autonomy and to divest it of direct political interference, 
cabinet gave approval to a new hedging programme known as Petroleum Price Risk 
Management (PPRM) and inaugurated a National Risk Management Committee (NRMC) 
charged with immediate supervisory responsibilities. The committee is made up of a 
representative each from the National Petroleum Authority (NPA), the Ghana National 
Petroleum Corporation (GNPC), the Volta River Authority (the national electricity regulator), 
the Attorney-General‘s Department, the Cocoa Marketing Board, the Finance and Energy 
Ministries and the Central Bank. The committee is chaired by a person appointed by the 
office of the President. 
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Although the sovereign hedging programme is currently limited to crude oil imports and 
exports, it remains one of the committee‘s long-term objectives to extend the programme to 
include gold and cocoa exports. However, a major criticism of the current programme is the 
lack of integrated approach to the hedging process and the separation of the crude oil import 
and export hedging resulting in higher option premium charges that can be avoided by 
adopting a portfolio approach to risk management such as the futures strategies discussed in 
the next section. 
 
3.8.2 Unconditional Commodity Futures Strategies 
Three main approaches to hedging in the context of optimal asset allocation have been 
discussed in the literature. Jorion (1994) analyses this in the context of foreign currency risk 
management and identifies the approaches as full optimisation, partial optimisation and 
separate optimisation. Following the full optimisation approach, requires that commodity 
futures used as hedging instruments are included in the portfolio of the underlying assets 
while the optimal futures positions are estimated as part of the model. In the partial as well as 
separate optimisation approaches, the hedging portfolio is constructed as an overlay on top of 
the asset allocation model. However, while the optimal predetermined optimisation results 
form the basis for the hedging strategies under the partial approach, the optimal asset 
allocation has no influence whatsoever on hedging strategies adopted in the context of 
separate optimisation. Thus, partial optimisation in the context of overlays is a two-stage 
approach of optimal allocation followed by hedging whereby the hedge positions are 
determined by the results of the first stage optimisation. Eventhough Jorion‘s (1994) 
empirical results reveal the superiority of the full-blown approach in terms of risk adjusted 
performance returns; he established that the overlay approach under partial optimisation 
produced similarly high risk-adjusted results that closely match the the performance of full 
optimisation. In addition, he identified a number of conditions under which partial hedging or 
the overlay approach is optimal. These include the ability to use experienced portfolio 
managers for the asset allocation duties while highly skilled dynamic trading experts are 
charged with the responsibility of developing the appropriate hedging strategies. 
In this study, an overlay hedging strategy similar to what Jorion (1994) refers to as partial 
optimisation is adopted for the following reasons: First, in the full-blown model discussed in 
the literature, one of the main objectives is to enable the portfolio manager ascertain the 
optimal relative weights or positions in the assets in the investment portfolio. However, in 
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sovereign asset-liability management that is studied in this chapter, the country is already 
endowed in the assets. Thus, the purpose of the optimisation is not to ascertain how much to 
invest in the various assets per se but to find the level of over or under exposure to market 
risk factors. Hence, it is probable that the country‘s positions in some of the assets may be 
suboptimal. Secondly, unlike the simple asset allocation structure discussed in Jorion (1994), 
the existence of resource scarcity imposes additional portfolio weight and cardinality 
constraints potentially increasing the dimensionality of the model. Therefore, adding 
derivatives to the portfolio would exercebate the optimisation problem, making it too 
complex to solve analytically or numerically. The third reason why the overlay model is 
deemed efficient is that separating the asset allocation and hedging responsibilities would 
ensure checks, balances, and internal controls to limit the financial consequences in case 
something goes wrong. Moreover, it would enable the government to use the best-qualified 
persons for the two separate activities. 
The traditional way of hedging commodity prices is to estimate hedge ratios and then 
calculate the optimal futures position required to hedge the total output (or a proportion of the 
output) of each commodity. However, this implies huge futures positions with associated 
high transaction costs. The optimisation model, however, enables Ghana to diversify away 
most of the risks such that it does not need to hedge all of the output. As we have already 
seen, the main results from the asset-liability model as presented in Table 3.10, suggest 
optimal portfolio strategy of gold 70.02%, oil 18.75% and cocoa 11.23% compared to the 
actual current relative portfolio fractions of gold 5%, oil 38% and cocoa 57%. The results 
imply that for Ghana to maximise wealth and reduce risks, it must reduce the level of cocoa 
production by 843,000 metric tons, reduce oil output by 27.8million barrels and then increase 
gold output by 7.66million ounces assuming that the country has 100% ownership of the 
assets and receive all the related income
20
. However, taking Ghana‘s actual share of the 
income from the various commodities into account, the optimal strategy will be to reduce 
holdings in cocoa and oil by 250,000 metric tons and 3.3million barrels respectively while 
increasing holdings of gold by 223,000 ounces. In this case, what is important is the strategy 
necessary to bring the current long positions in the assets to the levels implied by the 
optimisation. Pursuing this strategy would take a long time to achieve and may require 
                                                      
20 Note that this point has already been made poignantly clear in the chapter that not all of the country‘s 
wealth in the three resources is necessarily under government control. Only a fraction comprising royalties and 
commodity related tax income and participating equity interests in related industrial establishments is controlled 
by government. Gintschel and Scherer (2008) were the first to take cognisance of this important factor. 
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significant macroeconomic diversification, which would inevitably lead to unimaginable 
disruptions in the economy.  
The best way to achieve this strategy while avoiding disruption to the economy is 
financial diversification
21
. What this means is that it is possible for the country to transform 
part of the current cocoa and oil output into gold. As a general policy, the country should sell 
futures if it wants to reduce its current position in the commodity and buy futures if the 
strategy is to increase the current position in the asset. The futures position would depend on 
the hedge ratio as well as the excess quantity or the shortfall in the position of the asset that 
the country wishes to correct. To derive the optimal futures position required to increase or 
decrease net position in each asset, it is necessary to calculate the sensitivity of the return of 
each asset to the futures return or the hedge ratios. Hedge ratios for the static model have 
been estimated using four different approaches; the ordinary least squares (OLS), the vector 
auto-regression (VAR), the cointegration error-correction model (ECM) as well as GARCH. 
The parameter estimates and standard errors for the first three models are in Appendix 5 
while the estimates for the GARCH model can be found in Appendix 6. 
Following the forecasting methodologies described in section 3.4, I calculate hedge ratios 
under each of the four approaches. I then use them to estimate the optimal futures position as 
well as the number of futures contracts required to hedge the country‘s exposure by either 
increasing or decreasing the actual market position or risk exposure in each asset to the 
optimal level implied by the ALM model. The results of the calculations are as summarised 
in Table 3.14. 
 
 
 
 
 
 
 
 
 
 
 
                                                      
21 However, if the model implied optimal results consistently indicate that the country has excessive 
exposure in a particular resource, then long-term sovereign risk management objectives may require 
macroeconomic diversification. For example, if over a significant period the optimisation results consistently 
demand lower investment in say cocoa, then it is logical to conclude that too much cocoa production is 
disadvantageous to the Ghanaian economy. The government can then respond by gradually, and in a well-
considered strategic macroeconomic development policy framework, begin to implement policies that cause a 
general shift from cocoa production to other crops. 
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Table 3.14 Ghana‘s Optimal Hedging Strategy – Unconditional ALM 
 
The following table summarises Ghana‘s minimum hedge ratio calculations as well as the optimal futures hedge 
positions for the three assets under different forecasting models. The estimations have been based on data 
covering the period January 2000 to March 2012. The spot and futures prices shown are those quoted on 1st 
March 2012 in DataStream. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government‘s 
share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s 
current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) and multiplied by the three 
assets‘ total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the 
unconditional asset-liability results (gold 70.02%, crude oil 18.75% and cocoa 11.23%) in Table 3.10 above. 
C – The optimal hedge ratio calculations are based on the forecasting models discussed in section 3.4. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy 
multiplied by spot price and divided by futures price (equation 3.24). The optimal hedging strategy is the 
quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 Cocoa  Gold  Oil 
Spot Price -$ (per ton/ounce/barrel)  2,398.25  1,713.15  123.34 
Futures Price -$ (per ton/ounce/barrel) 2,256  1,721.1  122.51 
Futures Contract Size 10 metric tons  100 ounces  1000 barrels 
Actual Quantity Exported (Gov‘t Share of Output) – (A) 250,000   222,750  3.285million 
Optimal Level of Market Exposure (Quantity) – (B) 14,776  938,223  486,266 
      
MV Hedge Ratio  - Ordinary Least Squares (OLS)      
Hedge Ratio – (C) 0.052  0.757  0.204 
Optimal Futures Position – (D) 13,003  -539,111  574,810 
Optimal No. of Contracts – (E) 1,300  -5,391  575 
      
MV Hedge Ratio  -  Vector Auto-Regression (VAR)      
Hedge Ratio – (C) 0.033  0.755  0.176 
Optimal Futures Position – (D) 8,251  -537,687  495,914 
Optimal No. of Contracts – (E) 825  -5,377  496 
      
MV Hedge Ratio  -  Error Correction Model (ECM)      
Hedge Ratio – (C) 0.032  0.756  0.178 
Optimal Futures Position – (D) 8,002  -538,399  501,550 
Optimal No. of Contracts – (E) 800  -5,384  502 
      
MV Hedge Ratio  -  GARCH (Unconditional Variance)      
Hedge Ratio – (C) 0.042  0.712  0.225 
Optimal Futures Position – (D) 10,502  -507,064  633,981 
Optimal No. of Contracts – (E) 1,050  -5,071  634 
 
 
 
3. Mean-Variance Asset-Liability Management 
 
93 
 
The results show that where the OLS-based minimum variance hedge ratio is used, 
Ghana‘s optimal strategy would be to sell 1,300 cocoa futures contracts, sell 575 oil futures 
contracts and then buy 5,391 gold futures contracts. However, this strategy does not account 
for the long-term relationships that may exist between the spot and futures prices of the 
individual commodities. The Engle-Granger cointegration test results in Appendix 3 as well 
as the Johansen cointegration results (not reported) show that the logarithmic futures and spot 
prices of each commodity class are cointegrated. To account for the cointegration effects, the 
hedge ratio is estimated from the Error Correction Model (ECM). The result is a marginal but 
important adjustment to the country‘s hedging strategy as follows: sell 800 and 502 cocoa 
and oil futures contracts respectively and then buy 5,384 contracts of gold futures in order to 
transform excess holdings of cocoa and oil into an increased long position in gold as 
suggested by the optimisation. 
 
 
3.9 Summary 
This chapter discussed in detail one of the approaches by which a predominantly commodity 
dependent country like Ghana can maximise the return on its assets while minimising the 
risks. The analysis explored tactical asset-liability management strategies in a mean variance 
framework in an unconditional optimisation setting with constant coefficients and static 
covariance matrix of asset and liability returns. It is found that the ALM techniques discussed 
in this chapter significantly improves the Sharpe ratio. Although it is not the objective of the 
asset-liability model to minimise the portfolio value-at-risk and the maximum drawdown 
besides the main aim of maximising Sharpe ratio, it is observed that the optimal results 
coincidentally produced the minimum value-at-risk as well as the lowest maximum 
drawdowns of sovereign net investments. The findings reveal that optimal portfolio under the 
ALM model outperforms all other portfolios including an equally weighted portfolio and the 
country‘s current commodities portfolio investment strategy. This finding is consistent in the 
robustness test results irrespective of whether the optimisation is performed with or without 
cardinality constraints imposed on the assets. Sensitivity analysis of the optimal results in 
relation to the impact of changes in interest rates (and by extension changes in sovereign 
liabilities) indicate that, a substantial increase in interest rates (300% or more) is required in 
order to warrant a change in the optimal strategy. Again, it is found that while the results 
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implied by the model suggest significant structural changes in the economy, the potential 
risks can be circumvented by financial diversification strategies using commodity-linked 
instruments such as futures. It is noted that optimal hedge ratios are required to estimate the 
optimal futures position as well as the correct number of futures contracts required to hedge 
the country‘s position. Given the time series characteristics and distributional properties of 
the sovereign assets, it is shown that adopting efficient approaches such as Vector-
Autoregression, Error Correction and GARCH can substantially improve the forecasting 
accuracy of the optimal hedge ratios. Finally, I propose an optimal sovereign hedging policy 
with long/short strategies that when used in conjunction with the unconditional investment 
strategies in commodities, provide an efficient framework for sovereign risk management. 
These strategies guarantee optimal returns on sovereign assets while minimising associated 
risks, thus providing an effective and efficient tactical mean-variance ALM solution to the 
macroeconomic volatility problem. 
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Chapter 4 
Dynamic Stochastic Asset-Liability 
Management 
 
4.1 Introduction 
In Chapter 3, I discussed the solution to the macroeconomic volatility problem in the mean-
variance framework. I then went ahead to develop a tactical ALM model as well as an 
overlay hedging programme for a developing country like Ghana. However, the mean 
variance principle that underpins this approach rests on the assumption of Gaussian return 
distributions that satisfy the time invariance hypothesis. Consequently, the approach leads to 
optimal tactical buy-and-hold ALM strategies at a single (static) period for a country that has 
a short investment horizon or a myopic short-term objective rather than long-term strategic 
aims.  
Having considered the mean variance approach to the sovereign wealth optimisation and 
risk management problem, its limitations are apparent. The approach implies that Ghana is 
only concerned about the mean and variance of its assets and liabilities at a particular time 
and has quadratic utility. However, as a country, in addition to maximising wealth and 
minimising risks, Ghana would quite certainly also like to optimise consumption or public 
spending inter-temporally while ensuring maximum surplus return on sovereign assets and 
liabilities in all states of nature. As the mean variance framework is a static model
22
, the 
                                                      
22 Although the original Markowitz (1952) formulation was a static model, the mean-variance approach can 
also be extended to a multi-period model. For instance, Li and Ng (2000) solve an assets-only mean-variance 
portfolio problem in a dynamic setting following the initial work of Chen, Jen and Zionts (1971) who 
unsuccessfully attempted a multi-period extension of the static mean-variance framework. Leippold, Trojani and 
Vanini (2002) extend Li and Ng (2000) to an asset-liability case, while Costa and Araujo (2008) develop a 
generalised multi-period mean-variance model that accounts for Poisson jumps and provide a numerical solution 
via a set of recursive and interconnected Riccati difference equations. Again, Biffis (2010) employs a martingale 
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country‘s financial optimisation and risk management aspirations would be best served using 
a multi-period model such as dynamic stochastic optimisation. Again, as Ghana does not 
need to decide which assets and for that matter what commodities to invest in, the mean 
variance approach may be of limited use to the country. This is because Ghana has already 
invested in the commodities discussed. Since each of the commodity sub-sectors already 
employs a significant fraction of the labour force, what Ghana needs most is to take these 
assets as well as the income they generate as given and then find a way of deriving optimal 
utility from consumption of the associated wealth. This is why the dynamic stochastic 
approach is particularly useful. 
In this chapter, I extend the sovereign optimal portfolio analysis to a dynamic stochastic 
setting and develop a dynamic programming based ALM solution to the macroeconomic 
volatility problem. As part of this, I propose optimal strategies first in an unconditional 
setting and then in a conditional setting where the portfolio decisions are greatly influenced 
by time varying investment opportunity set. This is studied in an assets-only case where I 
assume there are no sovereign liabilities and then in a full surplus optimisation setting where 
assets are matched with liabilities in a portfolio. For the assets only strategy, I maximise the 
objective function assuming that the country has an infinite horizon with power utility 
preference over consumption. First, I assume there is only one asset. Then, as an extension of 
this, I investigate optimal strategies where there are more than one income generating assets 
or commodities with correlated Brownian motions, which give rise to multiple constraints.  
Since I tackle the problem from a macroeconomic rather than an individual investor‘s 
perspective, the term ‗optimal consumption‘ connotes the Pareto efficient level of fiscal or 
government spending. Again, my goal is not to suggest the type of resources (investments) or 
assets the country must have. This is because; firstly, it is impossible to do that and secondly, 
it is unnecessary. On the contrary, I take the resources (sovereign assets and liabilities) as 
given and then try to find the optimal level of market risk exposure required to deliver the 
best level of satisfaction or utility gains to the country. Where the country has excess long or 
short position in the market, I suggest hedging strategies that change the level of market risk 
exposure in a way that guarantees optimal efficient allocation. 
The remainder of the chapter is organised as follows: I review the literature on continuous 
time optimisation problems in section 4.2 and discuss agent‘s utility and risk preferences in 
4.3. In section 4.4, I discuss unconditional strategies while I focus on conditional strategies in 
                                                                                                                                                                        
approach for solving a dynamic mean-variance portfolio problem in the presence of jump risks and trading 
restrictions. 
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section 4.5. Again, I discuss the sample data in 4.6; and present the numerical procedures as 
well as the calibrated results in 4.7. I conclude in 4.8. 
 
4.2 Literature Review 
There are two main approaches to solving continuous time stochastic optimisation problems: 
the dynamic programming approach and the martingale method. Dynamic programming, 
founded on the traditional optimal control theory was first applied to solving inter-temporal 
continuous-time portfolio choice problems by Merton (1969, 1971).  The martingale 
approach was developed by Karatzas et al (1987) and Cox and Huang (1989) as an 
alternative to the Merton‘s approach. The central idea is to reduce the dynamic optimisation 
problem into two simpler problems that are easier to solve. These include a static 
optimisation problem and a representation problem. The static problem is to solve for the 
optimal consumption and/or terminal wealth while the representation problem is to compute 
the optimal trading strategy. 
This alternative approach to portfolio optimisation, unlike the Merton type dynamic 
programming approach makes it possible to work in non-Markovian settings. This approach 
was developed for optimal decision rules in complete markets environment and was 
pioneered by Pliska (1986), Cox and Huang (1989), Karatzas, Lehoczky and Shreve (1987). 
The model was later extended to optimal strategies in incomplete markets notably by the 
works of He and Pearson (1991) and Karatzas et al (1991). A unified model has been 
developed for finding the dual form of the problem under different situations. Cvitanic and 
Karatzas (1996) extend the model to the case where there are proportional transaction costs. 
They find that their results help to study finite-time horizon portfolio problems for a 
preference based method for pricing contingent claims under proportional transaction costs. 
They characterise their problem by maximising utility of terminal wealth. The optimal 
portfolio in the model is that which hedges the inverse of marginal utility evaluated at the 
shadow state-price density that solves the corresponding dual problem. 
While dynamic programming requires a solution to a highly non-linear PDE (the HJB 
equation), the martingale method requires only linear partial differential equations to be 
solved. In some specific models, where asset prices follow a geometric Brownian motion, 
there is even no need to solve any PDE for the optimal controls. The martingale method 
utilises deep insights from the martingale representation theorem as well as the fundamental 
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theorem of finance; the equivalent martingale measure (or risk neutral pricing). The objective 
function is transformed into a static model in which the Lagrange multiplier is applied to the 
wealth process that is formalised as a random variable. Then using the Girsanov‘s theorem, a 
Radon-Nikodym derivative or pricing kernel that links the current value of the optimal 
control to its discounted expected risk-neutral value is derived. A good application of the 
martingale approach to asset-liability management that is closely related to this study is 
Martellini and Milhau (2010) in the special case where the sovereign wealth fund is assumed 
to receive an endowment flow or where transfers into the fund of commodity related export 
incomes are treated as dividends. 
In this chapter, I solve the sovereign ALM problem using the dynamic programming 
rather than the martingale approach.  The optimal control theory, which forms the foundation 
for this methodology, is based on the assumption that asset price diffusion processes have 
Markov property. It also assumes that there exists a compact set for all admissible controls. 
However, the assumption of a compact set is not suitable for most portfolio problems so a 
verification theorem is always applied to ensure that a candidate solution is indeed optimal. 
The verification theorem requires a complete solution to the nonlinear Hamilton-Jacobi-
Bellman (HJB) equation associated with the control problem. However, apart from the 
special case studied in Merton (1969, 1971), in most practical portfolio choice problems, a 
closed form solution has proved elusive if not impossible to find. For instance in the case 
studied in Merton (1969), it is assumed that there are no constraints on the investor as to what 
fraction of his wealth to invest in risky assets and how much to keep in a risk free bond. 
Again, Merton (1969) assumes that the investor has zero income from non-traded assets such 
as labour income, there are no background risks such as inflation and transaction costs and 
that financial markets are always complete.  
 
4.2.1 Dynamic Programming Approach 
Merton (1971) observed that asset returns, variance and covariance matrix vary over time in 
response to financial and macroeconomic shocks. He therefore proposes a breakthrough 
dynamic portfolio selection model. The central idea is that portfolio choice should include 
strategies to contain shocks to asset return moments and their corresponding welfare reducing 
effects. Thus, investors must hedge against fluctuations in the investments opportunity set by 
dynamically modifying the optimal strategy. He considers the combined problem of optimal 
portfolio selection and consumption rules for a risk averse investor in a continuous-time 
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model and concludes that mean variance efficiency alone is not enough to provide protection 
against transitory shocks to asset return moments (means, variances, skewness and kurtosis). 
Consequently, the optimal portfolio strategy now comprises an additional component; the 
inter-temporal hedging demand as well as the traditional mean variance component. The 
mean variance component provides the required mean variance utility while the inter-
temporal hedging demand insures against shocks to return moments. Barberis (2000) extends 
Merton (1971) to examine the horizon effects on the optimal portfolio policies for long-term 
investors in both tactical buy-and-hold and dynamic rebalancing strategies. They do this by 
modelling and taking into account the impact of parameter uncertainty on time-varying 
expected returns. 
Again, while Merton (1971) studies the case where predictable returns are generated by 
geometric Brownian motion, Kim and Omberg (1996) makes a significant contribution both 
theoretically and empirically by way of modelling the continuous-time portfolio problem in 
the context of mean-reverting expected return process for a representative investor with 
power utility preference over terminal wealth. Brennan, Schwartz and Lagnado (1997) also 
empirically model the optimal decision rules for a finite-time horizon power utility investor 
who dynamically rebalances his portfolio in a complete market environment. In their model, 
the investor is endowed with multiple risky assets as well as a risk free bond or a money 
market cash account. The expected returns for each risky asset are time invariant and 
generated by different stochastic processes with correlated Brownian motions. 
Campbell and Viceira (1999) extend the primary model both theoretically and 
empirically. They derive close-form solutions for a continuous-time consumption and 
portfolio choice problem for an infinite horizon investor with recursive preference or Epstein-
Zin utility. Maenhout (2004) also derives closed-form solutions for dynamic consumption 
and portfolio rules for an Epstein-Zin utility investor who cares about not only risk and return 
of his endowment but is also worried about how his utility is affected by model uncertainty. 
The model derives optimal solutions that are robust to particular type of model 
misspecification. The aim is to ensure that the resulting consumption and portfolio policies 
are less sensitive to the underlying model and that optimal decision rules are consistent and 
not liable to erratic change due to model misspecifications. Bodie et al (1992), Bodie, Merton 
and Samuelson (1992), Koo (1998), Heaton and Lucas (2000) and Viceira (2001 ) relax the 
restrictive assumption of no background risk and extend the optimal dynamic consumption 
and portfolio problem to the case where the investor has non-tradable labour income. For 
instance, Viceira (2001) states that human capital is a non-tradable asset whose value depends 
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on the retirement horizon of an individual. The yield on this asset at any time t, is the labour 
income. However, moral hazard and adverse selection problems make it impossible for 
investors to trade against future claims to return on human capital or employment income. 
Apart from the inclusion of non-tradable income as background risk in the model by 
Viceira (2001) and others, the assumption of no transaction costs underlying the original 
Merton (1971) model has also been relaxed by Liu and Loewenstein (2002), Davis and 
Norman (1990), Constantinides (1986), Soner and Shreve (1994) and Dumas and Luciano 
(1991). They all consider portfolio rules in complete markets environment for an investor 
with one risky asset and a risk free bond and subject to proportional transaction costs. Again, 
Lynch and Tan (2008) solve the optimisation problem where the investor is subject to 
transaction costs and endowed with multiple risky assets. 
Rudolf and Ziemba (2004) was the pioneering work in dynamic asset liability 
management. They include liabilities in their model and maximise utility preferences on a 
pension fund over intertemporal surplus. In their model, the surplus return is assumed to 
depend on other state variables such as currency returns or exchange rates. They find that 
pension funds maximise lifetime utility by investing in four distinct mutual funds namely: the 
myopic demand (market portfolio), the hedging demand (state variable hedge portfolio), a 
liability hedging demand and the risk free bond. An important feature of the model is that the 
liability-hedging portfolio depends only on the pension fund‘s current funding ratio and 
independent of risk preferences. Again, the state variable hedging portfolio is independent of 
utility preferences. While Rudolf and Ziemba (2004) model the surplus rather than the 
individual assets and liabilities, I model directly the asset and liability components of the 
surplus as separate state variables. Separating the assets and the liabilities this way enables 
their different effects on the optimal portfolio to de studied in more detail. Again, while the 
surplus is thought to evolve as a geometric Brownian motion in Rudolf and Ziemba‘s 
formulation, empirical evidence shows that commodity returns follow an autoregressive 
process rather than a standard Brownian motion. I therefore characterise the asset return as a 
first order vector auto-regression data generating process.  In addition, sovereign liabilities 
are modelled as a mean-reverting process using a Vasicek type term structure rather than as a 
standard Wiener process. This is because, unlike pension funds, sovereign liabilities are 
predominantly bonds. It is therefore logical to adopt a term structure that is empirically 
proven to capture bond dynamics. Moreover, I simplify the model by replacing the funding 
ratio with a simple coefficient, k that is set equal to one for a full surplus ALM and zero for 
an asset-only optimisation. This simplification avoids the potential difficulty of having to 
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ascertain the mark-to-market values of sovereign assets and liabilities so that the funding 
ratio could be accurately estimated.  
Detemple and Rindisbacher (2008) also develop a dynamic asset allocation model in the 
presence of liabilities for pension fund management. However, different to Rudolf and 
Ziemba (2004), they find that maximising over surplus returns is problematic in 
circumstances when liabilities exceed assets. In that case, the surplus is negative leading to a 
misspecification of the objective function. They therefore criticise models that maximised 
utility over surplus returns but ignored shortfalls. Hence, in their suggested formulation, they 
explicitly specify penalties against shortfalls in the objective function. Sundaresan and 
Zapatero (1997) on the other hand maximise terminal surplus only and therefore avoids the 
problem of negative surplus that is more prevalent with inter-temporal utility maximisation. 
I analyse the sovereign portfolio and consumption allocation problem adopting the 
methodology in Merton (1969, 1971) as well as Brennan, Schwartz and Lagnado (1997). 
Similar to Rudolf and Ziemba (2004) as well as Detemple and Rindisbacher (2008), I 
maximise inter-temporal portfolio and consumption in the presence of liabilities. However, 
because I separately specify assets and liabilities as state variables I do not maximise directly 
over the surplus. Again, unlike the previous models, I solve for optimal portfolio rules and 
inter-temporal consumption policies whereby the optimal portfolio policy is also the optimal 
liability strategy.  
While most of the studies on surplus maximisation discussed above relate to pension 
funds, Scherer (2009a, 2010) as well as Martellini and Milhau (2010) propose a dynamic 
model for sovereign wealth fund management. Scherer (2009a, 2010) frames his model in a 
similar way to Campbell and Viceira (2002) and treats resource uncertainty in the sovereign 
(sponsor‘s) balance sheet as a particular source of background risk.  Martellini and Milhau 
(2010) on their part extend Scherer (2009a) into a continuous-time model with mean-
reverting equity returns. Their model treats transfers into the sovereign wealth fund as 
endowment flow and accounts for the stochastic features of the fund‘s assets and the expected 
liabilities. However, unlike Rudolf and Ziemba (2004) but similar to the present study, both 
Scherer (2009a, 2010) and Martellini and Milhau (2010) model the portfolio assets and 
liabilities as individual state variables and do not specifically maximise over surplus return. 
The main differences between their models and the present one is threefold. First, they 
account for resources transferred into the sovereign wealth fund rather than the entire 
sovereign wealth. Again, in their models, risk management is achieved by investing in broad 
asset classes such as equities, real estate and bonds while I focus exclusively on the Pareto 
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efficient ways of managing sovereign endowment flows in the form of commodity related 
export income. Thirdly, while both studies model the sovereign endowment flows as 
background risks, I consider them as the main sources of income return or dividends from 
holdings of resource endowments. I start with Merton‘s perfect market assumptions with one 
asset and constant investment opportunity set and then gradually try to relax the restrictive 
assumptions by introducing sovereign liabilities and multiple risky assets. 
 
4.2.2 Market Completeness and Optimality 
In a complete market, there is always available state contingent security or insurance 
portfolio that pays one dollar if a particular state occurs and zero otherwise. This state 
contingent claim or security is also known as Arrow-Debreu security in recognition of the 
works of the two economists credited with the complete markets hypothesis. In this study, I 
use this relatively simple definition but as Ingersoll (1987) observes, different definitions are 
possible and each depends on the method used to distinguish different states of nature. For 
instance, in certain moral hazard or adverse selection problems, state contingent claims could 
be constructed where the state depends on some state dependent private information. 
Competitive equilibrium in complete markets is Pareto optimal. This is because it is 
impossible to make investors better off or improve their expected utility gains by way of 
reallocating state contingent claims or resources adopting a different trading strategy. In other 
words, there is no feasible alternative trading strategy or reallocation of state contingent 
portfolio that offers greater investor utility than the optimal portfolio. Therefore, where the 
complete market assumption is satisfied, competitive equilibrium exists and optimal 
consumption and portfolio policies offer Pareto optimal utility and no other decision rules are 
optimal. 
In incomplete markets, however, there is always some amount of Pareto optimality gains 
whenever new financial securities are introduced to make the market complete. This is 
irrespective of the fact that perfect competition in incomplete markets makes it possible to 
achieve constrained Pareto optimal allocation of resources (Ingersoll, 1987).  
 
4.2.3 Nominal Equilibrium 
It is crucial to make the point that ideally, all the analysis in this chapter must be done in real 
rather than nominal terms. This means that the continuously compounded returns of all the 
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assets (risky as well as risk free) must be estimated in real terms. Real rate of return is 
calculated as the nominal rate of return of the asset less the rate of inflation if they are both 
continuously compounded. Estimating the real rate of return on assets would require that 
applicable rate of inflation be also estimated. However, measurement problems make 
accurate estimation of the inflation rate rather problematic. In this analysis, I have ignored 
inflation effect for the following reasons: firstly, inflation affects all assets in the same way 
and since in equilibrium, all the analysis are provided in excess return form, subtracting the 
nominal continuously compounded risk free rate from the risky asset return effectively 
eliminates any inflation effects from the model. Real and nominal covariances are sometimes 
differentially affected by unanticipated inflation (Ingersoll, 1987). Nevertheless, for 
simplicity and without loss of accuracy, I have taken the view that inflation effects on real 
and nominal covariance are identical. Moreover, my treatment is in line with the literature 
where similar analyses are mostly done in nominal terms. 
 
4.3 Utility and Risk Preferences 
The main advantage of dynamic programming over the mean-variance approach is its ability 
to directly incorporate agents‘ utility and risk preferences in the optimisation model. A 
leading concept in finance and economics that enables us to fully understand agent‘s risk 
preferences is the Expected Utility theory. The theory states that wealth is always better than 
no wealth and that wealth as measured by the level of consumption never reaches satiation. 
According to Ingersoll (1987) and Infanger (2007), the following must hold for a risk averse 
economic agent. 
   ;0)( WU  ;0)( WUW  ;0)( WUWW  
for all W . Where W refers to the level of wealth or consumption; )(WU , utility of wealth; 
WU and WWU are the first and second partial derivatives of utility with respect to wealth. Thus 
for a risk averse agent, the utility of wealth is concave with diminishing marginal utility. It is 
however more convenient for the purposes of economic analysis to use expected utility of 
wealth because wealth is a random variable and therefore cannot enter into equations directly. 
Consequently, let the expected utility of wealth be given by the expression: 
     0)( WUE  
Taking this expression into Taylor‘s series expansion and then taking expectations, I have 
(Ingersoll (1987) and Infanger (2007)): 
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       32 )(
!3
1
)(
2
1
)()( WEWEUWEWEUWEUWUE WWWWW   
     .....)(
!4
1 4
 WEWEUWWWW
             
 
It can be seen that the expanded form of the expected utility function is made up of the mean, 
the variance and higher order moments including skewness and kurtosis. As one of the key 
assumptions underlying the mean variance hypothesis is Gaussian distribution of returns, the 
other higher order moments beyond variance are assumed to be statistically close to zero. 
However, where return distribution shows evidence of skewness and excess kurtosis, the 
importance of adopting a more general equilibrium approach that accounts for higher order 
moments such as the expected utility theory cannot be over-emphasised. This is because, in 
the presence of non-normality, variance alone is no longer a sufficient measure of risk. 
Agents are said to have different utility preferences. A risk-seeking agent such as a gambler 
may have a convex utility while a risk neutral investor has linear utility function. An agent 
who cares about mean and variance can be said to have a quadratic utility while risk averse 
agents are said to have either logarithmic or power utility function. It is therefore apparent 
that where agents are risk averse but have utility preferences other than quadratic, use of the 
mean variance framework would be inappropriate. 
Utility theory pioneered by Von-Neumann and Morgenstern (1944) is a generally 
accepted concept in finance as a means of addressing uncertainty. An investor measures 
uncertainty based on his Von-Neumann-Morgenstern utility function and maximises expected 
utility. According to Infanger (2007), this so-called Von-Neumann-Morgenstern utility 
function is a concave function of wealth for a risk averse investor. Therefore, utility as a 
function of wealth captures investors‘ attitude to risk. This attitude to risk is technically 
called risk aversion. To capture investors‘ aversion to risk fully, the Von-Neumann-
Morgenstern utility function must be concave and twice continuously differentiable function 
of wealth. Two measures of risk aversion rife in financial modelling are the ‗Absolute Risk 
Aversion‘ (ARA) and the ‗Relative Risk Aversion‘ (RRA). These measures were originally 
discussed in the seminal works of Arrow (1971) and Pratt (1964) that formalised the 
following mathematical expressions for the two measures: 
   
 
 WU
WU
WARA


   and    
 
 WU
WU
WWRRA


  
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A risk neutral investor who has a linear utility function would have an 
0
)(
)(
)( 



WU
WU
WARA . On the other hand, concave utility functions such as power, 
exponential or logarithmic utility functions have 0
)(
)(
)( 



WU
WU
WARA .The inverse of 
ARA and RRA gives rise to absolute risk tolerance and relative risk tolerance respectively. 
According to Infanger (2007), for financial modelling, it is usually the extent of changes in 
risk aversion with respect to wealth that is important. He finds that the logarithmic and the 
power utility functions usually have Constant Relative Risk Aversion (CRRA) utility 
function with respect to wealth while the exponential utility function exhibits Constant 
Absolute Risk Aversion (CARA) utility function. The CRRA and CARA utility functions are 
sometimes referred to as hyperbolic absolute risk aversion or HARA for short.  
To formulate the country‘s optimisation problem in Merton‘s world require distributional 
assumptions about asset returns as well as assumptions about the form of the utility function. 
Quadratic utility maximisation implies that absolute and relative risk aversions are both 
increasing in wealth and coincides with the mean-variance analysis discussed in Chapter 3.  
Exponential utility on the other hand implies a constant absolute risk aversion while relative 
risk aversion increases in wealth. With power utility, absolute risk aversion is a decreasing 
function of wealth while relative risk aversion is constant. The limit of the power utility as 
risk aversion approaches 1 is logarithmic (log) utility. 
The relationship between an investor‘s attitude toward risk and the level of his wealth is 
central to optimisation and portfolio theory. This stems from the fact that a good 
understanding of investor‘s risk tolerances as the level of his wealth changes is crucial for 
accurate predictions of consumer behaviour in the presence of economic uncertainty. The 
consensus view is that absolute risk aversion is a convex and a decreasing function of wealth 
(Gollier (2001) and Guiso & Paiella (2008)). Using the appropriate utility function is 
therefore necessary to ensure that the correct objective function is being optimised. This is 
because the curvature of the utility function determines whether the portfolio share invested 
in risky assets increases or decreases over the investment horizon. Moreover, the nature of the 
utility function and risk aversion describe investor‘s marginal propensity for consumption. 
Guiso and Paiella (2008) find that this marginal propensity declines as wealth increases. For 
this reason, I deem power utility as the appropriate function to use for the analysis as the 
quadratic and the exponential utility, to the extent that they are inconsistent with empirical 
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observations of consumer behaviour, would be inappropriate representations of consumer 
preferences.   
Therefore, I assume a representative agent economy with at least twice continuously 
differentiable and additively separable power utility function ),(cU defined over 
consumption: 
    






1
)(
1C
ecU pt                           (4.1) 
The utility function is continuously differentiable, strictly increasing in consumption and 
satisfies the following Inada conditions: 
i.          tcU   
ii.    
     0 tcU . 
Whereas 0  is the coefficient of relative risk aversion ; 

1
 is the elasticity of inter-
temporal substitution of consumption or a measure of the country‘s risk tolerance and 
10  p is the stochastic time discount factor which measures the country‘s impatience, in 
other words, the marginal propensity of consumption. 
 
4.4 Unconditional Strategy 
I shall first consider the optimisation problem in an unconditional setting for the case where 
asset returns are deterministic and time invariant. In this case, expected returns and volatility 
are estimated from the historical time series data without explicitly assuming any diffusion 
process for the commodity price path. Later, I shall consider the problem under time varying 
investment opportunity set where expected returns are assumed to follow a specified 
stochastic process. 
 
4.4.1 The Model 
I assume a representative agent economy in this case a sovereign country whose income 
depends predominantly on commodity exports. The country has endowment in rich natural 
resources but needs to transform them into wealth by way of generating income from export 
either in the raw primary commodity form or after some value addition through processing. 
The country needs to invest limited resources into the extraction and/or processing of the 
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commodities into exportable form. The export income constitutes the sovereign wealth. 
Given the risk preference and utility function in (4.1), the country maximises the objective 
function: 
    
C
Sup
,
 










 dtecUE
t
t

0
)(               (4.2) 
subject to the constraint:  
  
   tttttt dBWdtcrWdW                       (4.3) 
where tW is the associated wealth process satisfying tdW . There are n  commodities, which 
serve as the main sources of gross domestic income (GDP)
23
. Consequently, r   is a 
vector of risk premiums where rii    are the individual assets‘ excess returns.  and C  
represent the vector of optimal portfolios and consumption policies respectively; the initial 
wealth 10  wW is given. 
 
Given the objective function, the value function of the Hamilton-Jacobi-Bellman (HJB)
24
 
equation is: 
    
C
t SuptWJ
,
,,

     








0
dtecUE pttt                (4.4) 
The HJB equation can be expressed as; 
   0),,(),(  tWDJtcU t                 (4.5) 
where ),,( tWDJ t   is the Dynkin‘s operator. Applying Ito‘s Lemma; 
  2
000
2
1
0 ttwwttwttt dW)t,,W(JdW)t,,W(Jdt)t,,W(J),w(J)t,,W(J  

  
 
 

0 0
),,(),,()0,( tttwt dBWtWJdttWDJwJ   
 
 

0 0
),()0,( ttdBdttcUwJ 
                          (4.6)
 
                                                      
23 Although sovereign income or GDP is derived from many sources other than revenue from commodity 
exports, almost all the macroeconomic volatility risks are attributable to changes in sovereign income caused by 
commodity price volatilities. 
24 According to Ingersoll (1987), the HJB equation is a sufficient (but not a necessary) condition for 
optimality. 
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where .W)t,,W(J ttwt    Simplifying the Ito‘s Lemma and taking expectations, the 
expression  ttw W)t,,W(J  vanishes as the expected value of the Brownian motion tdB
equals 0
25
; therefore, I have: 
C
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1
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Taking the First Order Conditions (F.O.C): 
        WJcU  )(  and 
1

 WJC                                  (4.8) 





WJ
J
WW
W                         (4.9) 
I conjecture a functional form for the value function: 
 

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tKetWJ ptt                     (4.10) 
Using the conjectured function, I compute the following: 
  WtKeJ ptW )( ; 


 )(tK
W
W
eJ ptW W

  and 




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

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KpeJ t
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t  
The optimal portfolio and consumption holdings are then: 
   

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


1
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)(tK
W
C  .                     (4.11) 
I verify the conjecture by substituting everything back into the objective function: 
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Simplifying, I obtain an Ordinary Differential Equation (ODE) of the form (Veronesi (2005) 
and Buraschi (2010)): 
01  tKK                      (4.13) 
                                                      
25 Since the expected value of a Brownian motion tdB is zero,  tdBE  multiplied by any value is also zero. 
This leads directly to the Ito rule that   0dttdBE . It is however worthy of note that the expected value of the 
square (or any even multiple) of a Brownian motion   dttdBE 
2
 (see for example Ingersoll (1987)) whereas
  02 dtE . 
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Since the ODE is non-homogenous, I first solve the homogenous ODE:  
  0 aKKt                      (4.14)
 
Using the method of undetermined coefficients, the solution is: 
    )()( tTaHomo cetK

                     (4.15)
 
I now find the particular solution using the method of undetermined coefficients: I know that 
the particular solution is a constant: 
    atKPart /1)(                      (4.16)
 
Consequently, the general solution is the sum of the homogeneous and the particular 
solutions: 
    acetK tTa /1)( )(                       (4.17) 
 
From the terminal condition, 0)( TK  I obtain that ac /1 . Therefore, I have 
     .11)( )( tTae
a
tK 
                    (4.18)
 
Given the guessed functional form for the process, 

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tKetWJ pt , I have: 
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Thus yielding the following explicit optimal policies for consumption (government 
fiscal/public spending) and portfolio strategies for the three main sources of sovereign 
income: 
)(1 tTa
tt
e
a
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                    (4.20) 
 
where the subscript  i  refers to gold, crude oil or cocoa. 
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4.4.2 Optimal Policies and Comparative Statics 
It is clear from the above that fiscal spending must always be maintained at a level 
proportional to wealth. The solution also implies that where the time invariance principle 
holds for asset return dynamics, the portfolio demand is myopic and coincides with the mean-
variance representation. As expected, the portfolio weight of each individual asset is 
proportional to its Sharpe ratio and inversely related to the risk aversion coefficient. 
 
4.5 Conditional Strategy 
The majority of dynamic programming models such as the one considered above depends on 
the assumptions of constant correlations and volatilities and generate optimal consumption 
policy and portfolio rules analogous to the mean variance framework. However, empirical 
evidence that refute these assumptions abounds in the literature. For example, Wilson et al 
(1996) find that exogenous factors such as political upheavals, inclement weather conditions 
as well as changes in the policies of producing countries sometimes lead to structural changes 
in volatility in daily commodity returns. Ang & Chen (2002) also find asymmetry in 
correlations and suggest a stochastic model for calibrating the asymmetry. Patton (2006a) 
also finds significant asymmetry in the dependence of financial returns both in the marginal 
distributions and in the dependence structure. He observed that an investor with short-sales 
constraint would benefit greatly from having information about the asymmetry in the 
dependence structure of financial returns. He therefore recommends time-varying models 
with bivariate dependence coefficients for modelling financial time series.  Jondeau & 
Rockinger (2006) also suggest that international financial returns are time varying and 
therefore should be modelled using univariate time-varying models.  
Due to the overwhelming empirical evidence supporting the notion of the existence of 
time variation in correlations and volatilities in most asset returns, the need to find a model 
that accommodates these time series properties cannot be over-emphasised. As a result, a lot 
of research has been carried out with the objective of finding a more efficient way of 
optimising portfolios of assets with time varying correlations and volatilities.  For this reason, 
I formulate the sovereign ALM problem in a conditional setting where optimal strategies are 
conditional on changes in returns and commodity price volatilities. I consider assets only 
portfolio in section 4.5.1, followed by asset and liability portfolio in section 4.5.2. 
 
4. Dynamic Stochastic Asset-Liability Management 
 
111 
 
4.5.1 One Risky Asset Portfolio  
To simplify the analysis, let us for the time being assume that wealth in the economy is 
generated from a single risky asset and a risk free investment. For a sovereign country like 
Ghana, I assume that the risky asset is an investment in a composite portfolio of 
commodities. Income is received from the export of this commodity the price of which is 
exogenously given and is equal to the price on the international financial market. As Ghana 
depends on more than one commodity, I use the S&P Goldman Sachs Commodity Index 
(GSCI) as proxy for Ghana‘s assets. I therefore assume a stochastic process for the path 
followed by this index and use the total return of the index as proxy for the return on Ghana‘s 
portfolio of assets. Furthermore, I assume for the time being that the country has no sovereign 
liabilities and that income from the assets constitute wealth or GDP, which is either 
consumed or reinvested. Consumption for the purposes of this analysis is government fiscal 
spending comprising the cost of financing infrastructure and social amenities or government 
expenses such as public sector workers‘ salaries.  
 
4.5.1.1 The Model 
Here, I assume that the country has the same preferences over consumption as in (4.1) and 
maximises the objective function in (4.2) subject to the inter-temporal wealth constraint: 
 
   ttttttt dBWdtCrWdW                    (4.21) 
 
and the transversality condition        [ 
    (    )]     The first order autoregressive 
data generating process for the risky asset‘s return dynamics is given by the expressions: 
 
  ttt dBdtrdR    
  ttt dBdtAAd   10                    (4.22) 
 
where tW is net assets or the associated wealth process satisfying tdW ; tdR  and td  are 
respectively the expected return and excess return generating processes of the country‘s 
exports; t and tC  represent the optimal portfolio and consumption policy respectively; 0W is 
given. 
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The country depends on the export of a single primary commodity that yields the return 
on the GSCI aggregate commodity index.  The value function is the HJB equation for the 
objective function given by: 
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Finding the Ito‘s Lemma and then taking expectations, I have: 
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The first order conditions for optimal portfolio weight and consumption strategy are: 
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Simplifying, I have: 
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Furthermore, I conjecture that: 
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Using the conjectured function, I compute: 
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The optimal portfolio and consumption holdings are then: 
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I verify the conjecture by substituting everything back into the HJB equation; I have
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I now assume a functional of the form: 
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With the property that   1, tf  . The PDE for  tf , after some algebraic computations is: 
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Since it is obvious that the solution is an exponential linear-quadratic function of t  I solve 
for  tf ,  using the method of undetermined coefficients assuming: 
 
      t
T
tt
T
ttt
etf


210
2
1
,

                       (4.33) 
Then following the solution strategy in Veronesi (2005), I compute the derivatives ,tf f and
f , substitute them in (4.32) and pool terms together to obtain: 
      TTTT trtrA
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
2212
1
2
2 22
11
1           (4.34) 
For the solution of (4.34) to be zero independently of t , I obtain the following system of 
ODEs, which I solve numerically for the values of the coefficients i : 
                                                      
26 According to Veronesi (2005), 









T
T
T
tE 


in equation (4.30) must be equal to zero for a solution to be 
possible. 
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    2212
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10 
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                    (4.35)
    212011
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                   (4.36)
      TTTT trtrA
p
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

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
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                        (4.37) 
 
Finally, I use the solution to recalculate the value of the function )t,(f t  as well as the 
derivatives ,tf f and f . I substitute them in (4.29) and solve for explicit values of the 
optimal portfolio and consumption policies: 
    tt
t
t tt 





 22 2
1

             (4.38) 
        2210 tt ttt
t
t
e
W
C
 
 
               (4.39) 
 
4.5.2 Asset- Liability Portfolio 
I now study changes in the optimal policies when sovereign liabilities are included in the 
optimisation model. The literature suggests additional portfolio hedging demands that 
increase the investment in the risky assets. Moreover, statistically significant improvements 
in the Sharpe ratio due to additional risk diversification benefits are predicted subject to the 
positivity of asset-liability covariance matrix. This increase in the Sharpe ratio should induce 
greater investment in the risky asset at a given level of risk aversion over and above that 
implied by the assets-only case. 
 
4.5.2.1 The Model 
In a conditional ALM setting, I assume an economy with natural commodity resource 
endowment and a portfolio of sovereign liabilities, which represent the composite claims 
against the state by the rest of the world. Changes in the emerging country‘s wealth are 
generated by changes in commodity returns as well as changes in the yield of long dated bond 
index used as proxy for the sovereign liabilities. Assuming risk preferences and the objective 
function are unchanged, the commodity excess return is the same first order vector 
autoregressive (VAR) data generating process: 
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
 ttt dBdt)AA(d  10                (4.40) 
 
and a dynamics for the yield on sovereign liabilities equivalent to a bond  index return that 
follows the Vasicek type Ornstein-Uhlenbeck process: 
 

 ttt dBdtbad  )(
              (4.41) 
This implies that the changes in surplus return tdS equal: 
 
ttt kdrddS                  (4.42) 
giving rise to the following associated wealth process: 
 
        wtttttttt dBkWdtCrkddWdW              (4.43) 
 
where 

tdB and 

tdB are independent Wiener processes, dtdB*dB ,tt 
  the correlation 
between the two Wiener processes and k , a constant representing the relative importance of 
liabilities in the country‘s GDP27; t  is the current (i.e. time t) bond index return
28
, b is the 
long-term level to which t reverts while a  is a measure of the mean reversion speed. When 
the function is maximised, the time-dependent coefficient, t represents the optimal sovereign 
surplus strategy. Since it is the optimal surplus strategy, it is also the optimal investment 
strategy in commodities. Then depending on the value of the coefficient k, the optimal 
sovereign liability or borrowing strategy is measured by the quantity tk .  However, given 
that 1k  for a full surplus optimisation, it implies that t  is also the optimal liability 
strategy. Maximising the objective function in (4.2) leads to the HJB equation: 
                                                      
27 The parameter k can also be endogenously derived as the optimal sovereign debt-to-GDP ratio. This is 
the optimal level of debt that a country must hold at any given investment horizon conditional on export income 
and by extension, commodity prices. In this report, k  is exogenously given and is equal to one for a full surplus 
optimisation and zero for an asset only case.  
28 It is important to note to that t is the total cost of debt (i.e. the total return on debt) and not the excess 
cost over the risk-free rate. Although, the risk free rate could be bifurcated from t  and integrated out of the 
PDE, I find the current treatment more intuitive and less confusing.  
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        ttttWttttttt dWt,,,WJdtt,,,WJ,wJt,,,WJ 
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    ttttttttttW ddt,,,WJddWt,,,WJ   


00
                        (4.44) 
Then taking the Ito‘s Lemma and noting that       0 wttt dBEdBEdBE  , I obtain: 
 
     tttWtWtWttttt AAWJCJrWJJcUt,,,WJ  10      
      22222
2
1
  kWtrJbkaWJ ttWWtttW      
           kWJtrJAAJ ttWt ttttt  2
1
10
   
          kWJtrJbaJ ttWt ttttt  2
1
 
   ,trJ tt                 (4.45) 
 
I now take the first order conditions with respect to consumption and portfolio weights. This 
gives rise to the following optimal policies: 
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

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
1

 WJC                     (4.46) 
 
Furthermore, I use the conjecture in (4.27) and compute the values for ,WJ  WWJ and tJ as well 
as ,
tW
J  ,tWJ  .ttJ   
Verifying the conjecture, I substitute everything into (4.45) to check that 
it solves the PDE. I have thus:
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where all the terms depend on derivatives or functions of the conjecture indicating that the 
guessed functional form is indeed the solution to the PDE giving rise to the following optimal 
portfolio policy: 
 
222
101
 



k
bkaAA tt


    
222222








k
k
F
f
k
k
F
f





              (4.48) 
 
To solve the PDE explicitly, I conjecture a linear exponential function of the form: 
 
        tttt thththet,,f   210                (4.49) 
 
where the partial derivatives are computed as follows: 
 
 tfhf tt ,,2 1   ;    tfhf tt ,,4
2
1   ;   
 t,,fhf tt  22 ;   t,,fhf tt 
2
24 ; 
 t,,fhhf tt  214   and  t,,fhhf tt  214            (4.50) 
 
The coefficients ,0h 1h and 2h are estimated using the numerical procedures described in 
section (4.7). 
 
4.5.2.2 Optimal Policies and Comparative Statics 
As can be seen in (4.48), the optimal portfolio policy has three terms. The first term is the 
speculative demand, which depends on the country‘s risk preferences as well as the 
dispersion between the instantaneous excess return on the exported commodities and the 
instantaneous yield on sovereign liabilities in excess of the riskless bond yield. The higher the 
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risk aversion parameter , the lower the investment required in commodities. Again, the 
higher the returns on commodities in excess of the return payable on government debts, the 
greater the optimal investment required in risky commodities. The second and third terms are 
the inter-temporal hedging demands, which depend respectively on the indirect utility 
function of the asset and liability. Each term measures the country‘s attitude to risk caused by 
changes in the state variables. This is the product of the sensitivity of the indirect utility 
function and the marginal risk of the state variable scaled by the dispersion in variances of the 
assets and liabilities. The marginal risk depends on the magnitude as well as the sign of the 
covariance between assets and liabilities. A higher positive covariance matrix increases the 
allocation of resources to commodities while a negative covariance reduces this investment. 
This observation has a non-trivial economic interpretation namely; a good asset provides 
insurance, by way of generating more revenue for the country in times when the country‘s 
debt burden increases. Thus, in bad times when the yield on government debt rises, positive 
covariance ensures that the investment in commodities also perform well and provides 
enough excess returns to offset the increased debt burden. 
Although the coefficient k is a free parameter in the model, it can be endogenously 
derived as the optimal sovereign debt-to-GDP ratio. This is the optimal level of debt that the 
country must hold at any given investment horizon conditional on export income and by 
extension, commodity prices. To derive this optimal ratio, I take the first order conditions of 
equation (4.45) in terms of k and obtain: 
 
         ttWttWWtttW WJkWtrJbaWJ tt
2220  
 2   ttW WJ tt                 (4.51) 
Therefore, I have
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29 Notice that because k  is now endogenous and no longer a constant, it is necessary to make it time 
dependent so that it dynamically depends on the state variables. 
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Substituting the values of ,WJ  WWJ , tWJ   
as well as ,
tW
J   
and noting that
        tttt thththet,,f   210 , I obtain: 
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
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From the above, the following observations could be made: At higher levels of risk aversion, 
the country is more conservative with respect to borrowing and hence reduces her debt 
holding as a proportion of GDP. Again, a higher demand for commodity investment reduces 
sovereign borrowing requirements. This is because a higher portfolio demand implies greater 
risk premium ensuring that the country generates enough income from exports thereby 
negating the need for additional debt. Also, at high levels of t (current yield on debt 
instruments), the demand for debt reduces. An additional implication from the optimal 
solution is that as volatility or liability risk  increases, the demand for debt falls. Thus, 
government must borrow more only when debt markets are stable and debt return volatility is 
low. Again, the optimal debt level is linearly dependent on the long-term borrowing rate, b  
which is also the steady state cost of debt. From the results, we can see that 

tk is directly 
proportional to the distance to steady state cost of debt (i.e. the difference between current 
borrowing rate and the steady state cost of debt). This significant observation requires further 
investigation as the finding could help unravel a new ALM approach towards the resolution 
of the age-old debt-overhang problem
30
 in emerging countries. 
  
 
 
 
 
                                                      
30 For further explanation of the debt-overhang problem and its effect on developing countries, see Myers 
(1977) as well as Krugman (1988). For details on how the problem could be resolved through the indexation of 
a country‘s repayment and borrowing capacity to export income, see Froot, Scharfstein and Stein (1990). 
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4.5.3 Multiple Risky Asset Portfolio 
Assuming the same investor preferences and objective function as before, let us now consider 
the case where there are multiple risky assets. In this section, I assume that the sovereign‘s 
wealth process is generated by a riskless bond and three commodities namely gold, oil and 
cocoa. I solve for the optimal consumption as well as the optimal weights of the individual 
risky assets.  
 
4.5.3.1 The Model 
Given the objective function in (4.2) as well as the utility function in (4.1), I maximise the 
function subject to the following commodities‘ excess return dynamics: 
  toiltoiltoil dBdtAAd ,,1,11,0,    
  tgoldtgoldtgold dBdtAAd ,,2,12,0,    
  tcoctcoctcoc dBdtAAd ,,3,13,0,  
              (4.54) 
 
As well as the inter-temporal wealth constraint: 
 
  dtCrdddWdW ttcoctcoctgoldtgoldtoiltoiltt  ,,,,,,   
  ttcoctgoldtoilt dBW ,,,                (4.55) 
 
 
The stochastic processes of the individual assets are generated by independent Brownian 
motions. These Brownian motions
31
 are correlated with correlations 
dtdBdB goldoilgoldoil ,*   
and 
dtdBdB cocoilcocoil ,*   , and so forth. 
 
The corresponding value function is given by: 
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   tcoctgoldtcoctoiltgoldtoil JJJ ,,,,,,                       (4.56)
 
                                                      
31 Brownian motion is another name for Wiener process. 
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Resulting in the following first order conditions: 
 
2
,,
2
,,
2
2
,
1,11,02 










WW
cocoilW
WW
goldoilW
WW
W
oil
WW
W
oil
WJ
J
WJ
J
WJ
J
AA
WJ
J
cocgoldoil



          
(4.57) 
 
2
,,
2
,,
2
2
,
2,12,02 









WW
cocgoldW
WW
goldoilW
WW
W
gold
WW
W
gold
WJ
J
WJ
J
WJ
J
AA
WJ
J
cocoilgold 


          
(4.58) 
 
2
,,
2
,,
2
2
,
3,13,02 









WW
cocgoldW
WW
cocoilW
WW
W
coc
WW
W
coc
WJ
J
WJ
J
WJ
J
AA
WJ
J goldoilcoc 

                    (4.59) 
 
Then using the same conjecture for the value function as in (4.27), I compute the values for 
,WJ  WWJ and tJ as before. Additionally, I compute the expressions for ,oilWJ  ,goldWJ  ,cocWJ  ,tf
,
oil
f ,oiloilf  ,goldf ,goldgoldlf  cocf as well as .coccocf   
  
Having obtained these expressions for the value function, I verify that the candidate solution 
is indeed optimal and solves the optimisation problem. I do this by substituting into (4.56), 
the values of the value function, the associated derivatives as well as the optimal 
consumption and portfolio policies. Then simplifying and collecting terms, I obtain the 
following PDE:  
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for which all the terms depend on the value function or its derivatives, proving that the 
solution is indeed optimal where the values of the optimal policies tC , ,

oil

gold and

coc are 
given by the following: 
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4.5.3.2 Optimal Policies and Comparative Statics 
Each expression of the optimal portfolio policies in (4.62) to (4.64) has four terms. The first 
term on the right hand side is the speculative or myopic demand and corresponds to the 
mean-variance portfolio weight for an agent with very short investment horizon. However, as 
the mean and variance change, so will investment in the asset due to market timing. Thus, a 
high-risk premium and a low variance increase the investment in the risky asset. Another way 
to look at this is that it is a measure of the market price of risk or the risk aversion-scaled 
Sharpe ratio contribution of the asset to portfolio return. Therefore, the larger this value, the 
greater the weight assigned the asset in the optimal portfolio. The second term is the inter-
temporal hedging demand, which depends on the indirect utility function and the individual 
asset specific variance. This measures the sensitivity of the indirect utility function as well as 
the agent‘s attitude to risk caused by changes in the state variable. The third and fourth terms 
are additional hedging demands that depend on the covariance matrix of all the state 
variables. These ensure that only assets that have the maximum correlation with the state 
variables are selected. The derivative functions in the second, third and fourth terms measure 
the sensitivity of the portfolio to state variables of concern to the country and are called the 
‗hedging motive‘32. 
To solve for the explicit values of the optimal policies would require some further 
mathematical manipulation. This would require that I make a conjecture for the function
 tF cocgoldoil ,,,  , calculate the derivative with respect to each of the primitives, and 
substitute them in (4.60) and then verify the solution by solving the resulting partial 
differential equation. If it is verified, then the guessed functional form for the value function 
is optimal leading to explicit values for the optimal policies. To solve this, I specify the 
following candidate functional form for  .F  as follows: 
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32 According to Cochrane (2007), investors increase investment in the asset that covaries negatively with 
state variables of concern to them. In the multi-asset case such as this one, negative correlation coupled with a 
high negative covariance structure of asset returns increases individual portfolio weights. 
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The functional form implies that the solution requires seven systems of ordinary differential 
equations in order to find explicit values for all the primitives. However, given the dimension 
of the PDE and the number of state variables, the mathematical calculations become too 
complex and therefore less intuitive. Consequently, I follow a solution strategy similar to 
Brennan, Schwartz and Lagnado (1997). This numerical scheme as well as other solution 
methods is discussed in section 4.7. 
 
Intergenerational Fairness and Risk Sharing 
Before proceding to performing the numerical analysis, it is important to consider the issue of 
intergenerational fairness (or what some refer to as sustainable development), a topic that has 
gained significant attention in the literature. In asset-liability management, sustainability is 
accounted for through adequate provisions made in the model to ensure intergenerational risk 
sharing. This ensures that sovereign wealth is fairly allocated between the current and future 
generations. 
 The issue of fairness pervades policy debates ranging from military participation and 
healthcare to taxation. Since Adam Smith‘s  groundbreaking article on ‗the theory of moral 
sentiments‘ was published, the literature on fairness has been refined in many different ways, 
notably by the serminal works of Rawls (1971), Arrow (1973), Solow (1974), Tobin (1979) 
as well as Becker and Tomes (1979), who collectively succeeded in advancing economists‘ 
understanding of deterministic fairness in economic models. While Rawls (1971) 
hypothesised and strenuously defended the theory of a just society, the issue of fairness has 
also been central in many academic debates concerning the problem of the allocation of 
scarce economic resources and savings of which Ramsey (1928), Hartwick (1977), Portney 
and Weyant (1999) are some of the most influencial writers. Specific application of fairness 
include global warming, public pension, social security, wealth distribution across families 
and intergenerational resource transfers of which Gordon and Varian (1988), Gollier (2008), 
Roemer and Suzumura (2007), Roemer (2011), Becker and Tomes (1979) and Budish et al 
(2013) are the main serminal works. In recent times, the issue of fairness has been 
generalised to stochastic settings by some writters including Gilbert and Hrdlicka (2013) who 
refer to the new approach as stochastic fairness. 
 In this study, while intergenerational risk sharing is not explicitly modelled by 
formally including specific parameters in the objective function, the ALM model, 
nevertheless, accounts for it. First, the model is based on the assumption of an infinitely lived 
economic agent in a pure exchange economy in which one generation is successively 
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replaced by another in perpetuity. This ensures that the welfare of all future generations is 
implicitly accounted for. Secondly, by the very set up of the model, intertemporal 
consumption (fiscal spending) is proportional to wealth that grows monotonically over time. 
To the extent that the stochastic discount factor or time preference rate does not exceed the 
wealth growth rate, future generations are not at all disadvantaged. Third, even though the 
country‘s natural resource endowment, currently the main source of sovereign income, would 
ultimately be depleted in the long term, the accumulated capital stock could be invested in 
new class of assets that takes care of the needs of future generations. 
 
4.6 Data  
Ghana is predominantly a commodity exporting country. It depends on commodity related 
export revenue, which forms the bulk of sovereign wealth. The country exports several 
commodities of which gold, crude oil and cocoa are the most significant. In a continuous time 
ALM framework, I assume that the country receives a return on commodity exports 
equivalent to the S&P Goldman Sachs Commodity Index (GSCI). Thus, as part of the 
empirical analysis, I use the GSCI as proxy for Ghana‘s assets in the special case where I 
have assumed that the country invests in one composite asset. For sovereign liabilities, I use 
the JPMorgan Emerging Markets (Sovereign) Bond Index (EMBI+) as proxy and therefore 
calculate the instantaneous return on the country‘s debt as equal to the return on the EMBI+. 
As Ghana borrows from multilateral, bilateral as well as private corporate sources, I believe 
that the index is representative of the country‘s debt profile and that changes in the index 
yield correctly describe the evolution of returns on aggregate sovereign debts. Consequently, 
I collected monthly GSCI index as well as JPMorgan EMBI+ sovereign bond index data from 
DataStream. I also obtained monthly spot prices representing the country‘s three major 
exports namely gold, crude oil (Brent) as well as cocoa. The crude oil and cocoa data were 
collected from DataStream while the monthly gold prices were sourced from the World Gold 
Council database
33
. Each dataset covered the period 02/01/2000 to 31/12/2012 comprising 
155 data observations. I present the summary statistics in Table 4.1: 
 
 
 
                                                      
33 http://www.gold.org/investment/statistics/gold_price_chart/. 
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Table 4.1 Summary Statistics of Monthly Returns 
    Mean Standard 
 Deviation 
Skewness Kurtosis Observations 
       
GSCI  0.0110 0.0714 -0.8450 5.2829 155 
EMBI+        -0.0091 0.0328 0.3465 3.7870 155 
Gold  0.0127 0.0504 -0.4619 4.1564 155 
Oil  0.0155 0.1094 -0.7861 4.1814 155 
Cocoa   0.0090 0.0781  0.3558 4.1096 155 
 
 
 
I also summarise the correlation matrix of the dataset in Table 4.2 below: 
 
 
 
 
Table 4.2 Correlation Matrix of Monthly Returns 
  GSCI EMBI+ Gold Oil Cocoa 
GSCI 1     
EMBI+ -0.4584 1    
Gold 0.3159 -0.3992 1   
Oil 0.2849 -0.0603 0.1036 1  
Cocoa  0.2028 -0.2721 0.2274 0.0246 1 
 
The correlation matrix shows that the three main commodities; gold, oil and cocoa are 
positively correlated with the GSCI while negatively correlated with the EMBI+. It is also 
important to note the low correlations between the three assets. The negative correlations 
between assets and liabilities as well as the low positive inter-asset correlations are indicative 
of the potential diversification benefits available to Ghana should the government adopt ALM 
strategies for managing sovereign and macroeconomic volatility risks. 
Furthermore, I show the evolution of the country‘s assets and liabilities by plotting the 
logarithmic index prices of the GSCI and EMBI+ (being the sovereign asset and liability 
proxies respectively) in Figure 4.1. 
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Figure 4.1 Evolution of Logarithmic Prices of Sovereign Assets and Liabilities 
 
It is evident from the graph that over the sample period, the two indices tend to be moving in 
the opposite directions. The corresponding effect on the returns/yields is shown in the graph 
below: 
 
 
Figure 4.2 Evolution of Annualised Returns on Sovereign Assets and Liabilities. 
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The graph shows a clearer picture of the offsetting nature of the corresponding yields on the 
two indices. As asset prices rise, the yield on bonds fall making liabilities more expensive. 
Thus, the assets and liabilities are highly negatively correlated which confirm the results in 
Table 4.2 above.  For the individual assets, the correlation matrix is generally positive over 
the sample period, however, closer examination of the monthly returns show evidence of 
negative correlation especially between oil and cocoa in some months during the study 
period. For example in January 2001 and October 2008, we can see that the returns on the 
two commodities seem to offset each other as can be seen from the diagram below: 
 
 
Figure 4.3 The Evolution of Annualised Commodity Returns 
 
Evolution of monthly commodity returns showing periodic evidence of negative correlation between oil and 
cocoa 
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4.7 Numerical Procedures and Results 
In order to solve the control problem, I begin by estimating the VAR equation (4.22) for the 
drift and diffusion coefficients. As the risk free rate is assumed to be constant, I estimate the 
drift coefficients by running a regression of the instantaneous excess return of the GSCI on 
the lagged excess returns. Since I use the GSCI as proxy for Ghana‘s aggregate assets, I am 
more interested in that part of the GSCI explained by the three key sources of the country‘s 
export income used as instruments in the regression equation. This is a structural VAR model 
with contemporaneous link to instruments. Thus, the parameter 1A is a vector of three 
coefficients of the predictors of the VAR regression while 0A is the regression constant. The 
volatility parameter   is estimated as the instantaneous variance of the residuals of the GSCI 
index excess returns. There was no need for additional controls to be imposed on the model, 
as the Hansen-Sargan J-test results showed no evidence of overidentifying restrictions. I start 
with initial wealth 10  wW . For the impatience parameter or time discount factor  , 
Barberis (2000) as well as Wachter (2002) have used 0.0624 and I use the same value in the 
current analysis. 
In the first instance, I solve the unconditional portfolio problem for the case where asset 
return moments are assumed time invariant. Using ɑ=0.1, I solve for the optimal consumption 
and portfolio rules in equation (4.20). I observe that the optimal consumption policy depends 
on the level of risk aversion as well as the risk free rate as evident in the following table: 
 
Table 4.3 Consumption-Wealth Ratio, Risk Aversion and Risk Free Interest Rate 
Risk aversion 
parameter 
Risk free  
rate 
Consumption-Wealth  
Ratio 
3 9% 0.4441 
5 “  “ 0.4617 
10 “  “ 0.4758 
3 1% 0.4596 
5 “  “ 0.4785 
10 “  “ 0.4937 
 
The above results show that on the average, less than half of the sovereign wealth must be 
consumed and the remainder invested. Consumption in the context of this study must be 
understood to mean the proportion of wealth allocated for fiscal spending each year. For the 
remaining wealth available for investment, it is important to decide how much to keep in a 
safe bank account and how much to invest in risky assets such as commodities to generate 
4. Dynamic Stochastic Asset-Liability Management 
 
129 
 
additional income for the country. I observe that the portfolio rules depend largely on the 
level of risk aversion. The higher the level of aversion, the lower the investment in risky 
assets. For instance at γ=3, the fraction of wealth invested in risky assets is 67.94% while the 
rest is put into a money market cash account. At γ=5 the portfolio fraction reduces to 40.76% 
and a further reduction to 20.38% when the risk aversion coefficient is increased to 10. 
However, the mix of the assets in the optimal portfolio remains unchanged regardless of the 
level of risk aversion. I find that with no short sale constraints, the optimal mix of risky 
portfolio is gold 71%, oil 36% and cocoa –7%. Where short selling is not allowed, portfolio 
weights cannot be negative hence the fraction invested in cocoa is constrained to zero and the 
portfolio composition becomes gold 67% and oil 33%. These are almost the same as the 
results obtained in Chapter 3 under the mean variance framework where the optimisation was 
done with non-negativity constraints on the individual asset weights. 
To solve the optimal decision rules (4.38) for the case with time varying investment 
opportunity set with one risky asset, I first solve the ODEs (4.35 to 4.37) for the values of the 
coefficients 0 , 1 and 2 . This can be done in two ways; solve the problem recursively or 
in closed form
34
. The problem can be solved in closed form by creating a grid and then 
iteratively working backwards starting from some arbitrarily chosen terminal conditions. I 
however choose to solve the problem recursively by first solving the differential equation 
(4.35) for the value of the coefficient 2 . I then substitute it into (4.36) and solve for 1 after 
which I am then in a position to solve the ODE (4.37). Next, I substitute the values into 
equation (4.33) and find the numerical solution to the function F , which is presented in 
Figure 4.4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                      
34 Alternatively, the problem can be formulated as a system of Riccati equations and then solved for the 
unknown coefficients - see Honda and Kamimura (2011). 
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Figure 4.4 Approximate Solution to the Function  t,f   
 
The following graph presents the numerical solution to the function  t,f   in equation 4.33. The solution is 
obtained after numerically solving the three systems of ODEs (equations 4.35, 4.36 and 4.37) and the values 
of the primitives substituted into the functional equation in 4.33. 
 
 
 
Furthermore, I calculate the derivatives tf  and f . For each value of t , I compute the 
values of F  and f following the procedure described above. I then substitute the numerical 
values into (4.38) and (4.39) in order to calculate the optimal consumption and portfolio 
policies that maximise sovereign wealth. The results are as presented in Figure 4.5 to Figure 
4.7 below: 
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Figure 4.5 Total Portfolio Demand 
 
This figure presents the numerical results of the conditional one risky asset ALM model discussed in section 
4.5.1.  The graph shows the relationship between optimal portfolio demand, expected commodity returns 
and risk aversion (Gamma). As can be observed, portfolio demand is inversely related to risk aversion and 
increases monotonically with expected returns. 
 
 
 
 
Figure 4.6 Myopic Demand Component of Optimal Portfolio 
 
This figure presents the myopic demand component of optimal portfolio in the conditional one risky asset 
ALM model discussed in section 4.5.1.  The graph shows the relationship between myopic portfolio 
demand, expected commodity returns and risk aversion (Gamma). As can be observed, myopic demand is 
inversely related to risk aversion and increases monotonically with expected returns. 
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Figure 4.7 Hedging Demand Component of Optimal Portfolio 
 
This figure presents the hedging demand component of optimal portfolio in the conditional one risky asset ALM 
model discussed in section 4.5.1.  The graph shows the relationship between hedging portfolio demand, 
expected commodity returns and risk aversion (Gamma). As can be observed, hedging demand is negative and 
inversely related to both risk aversion and expected returns. The negative relationship with expected returns 
suggests a preference for contrarian portfolio strategies due to the possibility of mean reversion in future 
commodity returns. 
 
 
The results show that the hedging portfolio demand is negative and tend to reduce the total 
fraction of resources held in risky assets. This implies that momentum strategies are not 
optimal. Instead, government must take a contrarian view of the market and increase 
investment in commodities when current prices are lower expecting mean reversion to cause 
upward spiral in the future. The reverse is also true when current commodity prices are 
deemed higher than expected. In that situation, the optimal strategy would be to reduce the 
country‘s exposure, as the most likely outcome is a downward movement in prices. However, 
the market expectations discussed above may not materialize. The standard myopic portfolio 
demand is linear in the current level of commodity expected return ensuring that the country 
takes full advantage of higher market returns by increasing the exposure to market risk. 
 With the optimal values of tC  and t computed, I estimate the inter-temporal 
consumption-wealth ratio as well as the optimal wealth trajectory and consumption growth 
for the country. These are presented in the  
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following graphs
35
: 
 
 
Figure 4.8 Consumption-Wealth Ratios for the Assets-Only Strategy 
This figure shows the inter-temporal consumption-wealth ratio for the assets-only strategy for the data 
sample period assuming monthly portfolio rebalancing. 
 
 
 
Figure 4.9 Optimal Wealth and Optimal Consumption for Assets-Only Portfolio Strategy 
This figure shows the optimal wealth and optimal fiscal consumption trajectory for Ghana for the period 
covering January 2000 to March 2012 under the assets-only portfolio strategy. As can be observed from the 
graph, the model leads to a steady growth in sovereign wealth while inter-temporal consumption is smooth 
and monotonically increasing in wealth. Moreover, at no point in time can consumption exceed wealth. 
 
                                                      
35 It is important to emphasise that unless otherwise categorically stated, an annualised risk-free rate of 9% 
has been used throughout the analysis. This complies with the riskless rate of return used by Caballero and 
Panageas (2005) as well as other researchers for developing countries prior to the financial markets crisis of 
2008. It is also equivalent to the annualised return on 91-day government of Ghana Treasury bond adjusted for 
USD exchange rates and inflation. 
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The results in Figure 4.8 show that the average consumption-wealth ratio is generally less 
than 40% although this changes depending on market conditions. This result is similar to the 
results under the unconditional setting, which suggest that less than 50% of sovereign wealth 
must be reserved for fiscal consumption. However, under the conditional setting, the fraction 
of wealth allocated for consumption is dynamically adjusted to take into account changes in 
sovereign income due to commodity price volatility. This strategy helps the country to 
smooth consumption and to ensure steady growth in sovereign wealth as can be observed in 
Figure 4.9 above. 
In the case of the asset-liability control problem, I obtain the maximum likelihood 
estimate of the parameters of equation (4.41), the Ornstein-Uhlenbeck process representing 
the trajectory of sovereign debt by running the following regression: 
 
ttt   1              (4.66) 
where  2,0~  N . I then recover the continuous time parameters from the regression 
estimates as follows
36
: 
     dta /1ln                (4.67) 
    /b                (4.68) 
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dt
            (4.69) 
 
The maximum likelihood estimates of the discreet-time parameters obtained from the 
regression as well as the continuous time parameters are presented in Table 4.4 below.  
 
 
 
                                                      
36 The exact solution to the SDE is  
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

 . I obtain the discrete time parameters by calibrating the data to the Vasicek model. 
However, these are different from the continuous time parameters that are required for the analysis. I therefore 
recover the continuous time parameters from the regression estimates using equations 4.67 to 4.69. For more 
details on how to estimate continuous time parameters from their discrete time counterparts, see Brigo and 
Mecurio (2006), Brigo et al (2007), Tan and Chen (2009) as well as Gourieroux and Monfort (2007). 
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Table 4.4 Model Parameter Estimates  
  Continuous-Time Parameters  Regression Estimates 
  a b sigma  omega beta delta 
GSCI 19.7869 0.0027 0.4497  0.0022 0.1923 0.0701 
EMBI+ 46.7876 -0.0013 0.3180  0.0013 0.0203 0.0329 
Gold 19.1709 0.0113 0.3963  0.0136 0.2024 0.0495 
Oil 47.7515 0.0088 1.0681  0.0087 0.0187 0.1093 
Cocoa  58.4178 0.0065 0.8867  0.0065 0.0077 0.0784 
 
 
The parameters omega, beta and delta ( , and ) are the maximum likelihood discreet-
time estimates from the regression while the continuous-time parameters have been computed 
from equations (4.67) to (4.69). The results show that the mean reversion parameter and the 
long-term expected EMBI+ bond index returns are respectively 79.46a and 0013.0b . 
Other model parameters have been computed from the continuous-time estimates. These have 
been summarised in Table 4.5. 
 
 
Table 4.5 Summary of Model Parameters 
 
This table summarises the continuous time parameter estimates computed from the discrete-time counterparts. 
These are obtained by running OLS regressions of the functional equations for each asset and liability. 
Subsequently, the continuous-time parameter estimates are calculated from the regression coefficients using the 
relation in equation 4.67, 4.68 and 4.69, which have been suggested and extensively discussed in Gourieroux 
and Monfort (2007) as well as in Brigo and Mecurio (2006). 
 
  GSCI Gold Oil Cocoa EMBI+ 
      
0A  
0.0534     
1A  
19.7869     
1,0A  
 0.4202    
1,1A  
 47.7515    
2,0A  
  0.2166   
2,1A  
  19.1709   
3,0A  
   0.3797  
3,1A  
   58.4178  

 0.4497     
   1.0681    
    0.3963   
     0.8867  
      0.318 
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To obtain an explicit solution to the control problem, it is crucial to solve the functional 
equation (4.49). To do this, an attempt is made to recover the parameters 0h , 1h and 2h   by 
fitting the function to the two series of sovereign assets and liabilities sample data. This is 
achieved via a two-dimensional interpolation using piecewise cubic splines or bicubic 
interpolation
37
 and the numerical solution is presented in Figure 4.10. The decompositions of 
the function F in terms of the relative impact of assets and liabilities on the value of the 
function due to the functional dependence on the state variables are also presented in Figure 
4.11 and Figure 4.12 respectively: 
 
 
Figure 4.10  Numerical Approximation of the Function, F in ALM Portfolio Strategy 
 
This figure presents the numerical solution to the functional equation 4.49. This solution is obtained by a 
two dimensional (bicubic) interpolation of the function.  The interpolation has been done by constructing a 
two dimensional grid for the asset and liability excess return series. The functional equation 4.49 is then 
fitted to the dataset as a mesh between the set of asset and liability excess return series using a two 
dimensional cubic spline interpolant.  
 
                                                      
37 Bicubic interpolation is a two dimensional interpolation of non-monotonic or scattered data using cubic 
splines. The interpolation has been done by constructing a two dimensional grid for the asset and liability excess 
return series. I then fit the asset-liability function (equation 4.49) to the dataset as a mesh between the two sets 
of excess return series using a two dimensional cubic spline interpolant.  
Alternative approaches include bilinear and triangulation interpolation as well as griddata. I tried bilinear 
and triangulation but they proved to be less successful since the interpolants in both cases appeared to be non-
smooth and often discontinuous. On the contrary, there was minimal difference between the results produced by 
griddata and cubic splines except that griddata tended to use excessive computer time. Find more details on 
function approximations at http://www.mathworks.co.uk/help/matlab/math/interpolating-scattered-data.html. 
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Figure 4.11 Decomposition of the Function, F in Relation to Asset Return 
 
This figure is a decomposition of the relationship between the exponential linear quadratic functional of the 
ALM model and commodity returns. As evident in the graph, F is directly related to the absolute value of 
assets returns. In the optimal portfolio solution equation 4.48, the hedging demand has an inverse 
relationship with F. Since absolute return increases with volatility, it implies that the higher the volatility of 
commodity prices, the higher the absolute value of return and the lower the portfolio hedging demand. 
 
 
 
 
 
Figure 4.12 Decomposition of the Function, F in Relation to Liability Return 
 
This figure is a decomposition of the relationship between the exponential linear quadratic functional of the 
ALM model and liability returns. As evident in the graph, F is inversely related to the absolute value of 
liability returns. In the optimal portfolio solution equation 4.48, the hedging demand has an inverse 
relationship with F. Since absolute return increases with volatility, it implies that the higher the volatility of 
sovereign liabilities, the higher the absolute value of liability return and the higher the portfolio hedging 
demand as F decreases. 
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The diagram shows that the function is non-linear in assets and liability returns. The non-
linearity has significant effect on the hedging demand component of optimal portfolio 
holdings, as we shall see in due course. Given the value of the function, I calculate the 
optimal percentage holdings of the asset-liability portfolio at a risk aversion level of 5  
and assuming a full surplus optimisation with liability weighting or importance parameter of 
1k  and present the results in Figure 4.13.   The decomposition of the results in terms of 
assets is presented in Figure 4.14 and in terms of liabilities in Figure 4.15: 
 
 
 
Figure 4.13 Optimal Asset-Liability Portfolio Holdings ( 1k ; 5 ).  
 
This figure presents the numerical results of the conditional ALM model discussed in section 4.5.1.  The 
graph shows the relationship between optimal portfolio demand, expected commodity returns and liability 
returns. As can be observed, portfolio demand increases with asset return but inversely related to liability 
returns. Optimal portfolio is greatest when asset return is highest and expected liability return is lowest. 
 
 
 
The optimal portfolio is a function of two components; the myopic demand for a static buy-
and-hold ALM strategy and the additional hedging demand required for speculative hedging 
due to dynamic rebalancing of the asset-liability portfolio composition conditional on market 
prices. As can be seen from the graph, the optimal portfolio holding is proportional to 
expected asset returns but inversely related to liability returns. Thus, the highest level of 
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optimal portfolio strategy exists at the intersection of the largest asset return and the lowest 
liability return. The reverse is also true when liability return exceeds asset return by the 
greatest margin.  The non-linearity in the portfolio fraction is attributed to the hedging 
demand, which is more sensitive to the level of liability return and less sensitive to the 
expected return of the asset as can be observed in the following graphs: 
 
 
 
 
Figure 4.14 Decomposition of Optimal Asset-Liability Portfolio in Relation to Assets 
 
The following is the decomposition of the optimal portfolio in Figure 4.13 showing the monotonic 
relationship with asset returns. Unsurprisingly, the higher the level of commodity returns the greater the 
investment in the risky portfolio through the myopic demand component as the Sharpe ratio increases.  
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Figure 4.15 Decomposition of Optimal Asset-Liability Portfolio in Relation to Liabilities 
 
The following is the decomposition of the optimal portfolio in Figure 4.13 showing the non-linear relationship 
with liability returns. In general, the higher the level of liability returns the lower the investment in the risky 
portfolio through the hedging demand component of optimal portfolio as can be observed in Figure 4.17.  
 
 
 
 
 
Figure 4.16 Myopic Demand Component of Optimal Portfolio in Asset Liability Model 
 
This figure shows that the myopic demand component of optimal portfolio in the ALM model is linear in both 
assets and liabilities. It is directly proportional to asset returns and inversely related to liability returns at a given 
level of risk aversion. 
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Figure 4.17  Hedging Demand Component of Optimal Portfolio in Asset Liability Model 
 
This graph depicts the non-linearity in the hedging demand component of the optimal portfolio in the asset 
and liability model. As was observed in Figure 4.15, the non-linearity is due to liability effects caused by 
the dependence of hedging demand on the function, F. In general, the larger the asset return, the greater the 
investment in optimal portfolio through the hedging demand component. On the contrary, increase in 
liability return induces a decrease in hedging demand and vice versa 
 
 
 
 
Figure 4.18 Comparison of Myopic and Hedging Demand Components ( 1k ; 5 ) 
 
In this figure, the myopic and hedging demand components of optimal portfolio are compared. The graph 
shows that both increase with asset return and decrease with liability return. Again, hedging demand is non-
linear while myopic demand is linear in both assets and liabilities. As we have already seen in Figure 4.15 
and Figure 4.17, the non-linearity in hedging demand is due to liabilities and its dependence on the 
exponential linear quadratic functional, F that is presented in Figure 4.10. Moreover, it is evident from the 
graph that hedging demand is negative. This confirms the finding in Figure 4.7 in the assets-only model, 
which suggests a preference for contrarian investment strategies. 
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The non-linearity in the hedging demand component is due to its dependence on  .F   as 
represented in Figure 4.10. This implies asymmetric response to optimal portfolio policy due 
to changes in asset and/or liability returns. 
When k=0, both the myopic as well as the hedging demand components of the optimal 
portfolio depends only on the asset returns. As there is no opportunity to exploit the 
diversification benefits offered by liabilities, the optimal fraction invested in the risky 
portfolio reduces at a given level of risk aversion compared with the asset-liability case. 
Thus, including liabilities in the portfolio increases the portfolio hedging demand while 
excluding it reduces optimal portfolio through the hedging demand. This phenomenon is 
evident in the comparatively lower optimal portfolios in the results presented in Appendix 9.  
After finding the optimal portfolio rules, the next stage is to solve for the optimal 
consumption policy and the corresponding sovereign wealth trajectory in the context of the 
asset-liability model after which a comparison could be made between these results and the 
asset-only case. Firstly, I compute the monthly intertemporal consumption wealth ratio for 
the thirteen-year period from January 2000 to December 2012 and present the results in 
Figure 4.19. Next, the optimal intertemporal consumption policy and a diagrammatic 
representation of sovereign wealth growth as a direct result of the solution to the ALM 
problem are also presented in Figure 4.20.   
 
Figure 4.19 Consumption-Wealth Ratios for the Assets-Liability Strategy 
 
This figure shows the inter-temporal consumption-wealth ratio for the assets-liability strategy for the period 
January 2000 to December 2012 assuming monthly portfolio rebalancing. 
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Figure 4.20 Optimal Wealth and Consumption for Asset-Liability Portfolio Strategy 
 
This figure shows the optimal wealth and optimal fiscal consumption trajectory for Ghana for the period 
covering January 2000 to March 2012 under the asset and liability portfolio strategy. Evidently, the ALM model 
ensures a steady growth in sovereign wealth while inter-temporal consumption is smooth and monotonically 
increasing in wealth. Moreover, at no point in time can optimal consumption exceed wealth. 
 
 
As expected, the model leads to a steady growth in sovereign wealth while inter-temporal 
consumption is smooth and monotonically increasing in wealth.  Comparing the results in  
Figure 4.20 above to the assets-only case in Figure 4.9, wealth and consumption are 
unsurprisingly lower due to the liability effect. However, the country is at the same time able 
to manage a consistent growth in both wealth and consumption and crucially, consumption 
never exceeds wealth at any material time. Since sovereign debts are already accounted for, 
the consumption wealth ratio is higher at about 67% of net wealth (as can be observed in 
Figure 4.19) than in the assets-only case seen in Figure 4.8 where the ratio was estimated at 
less than 40% of total wealth before taking into account sovereign debts. 
Furthermore, assuming a quarterly rebalancing investment horizon, I estimate the optimal 
levels of Ghana‘s asset-liability portfolio holdings conditional on commodity prices and the 
closing bond index levels for the period January 2010 to December 2012. The results are 
presented in Figure 4.21: 
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Figure 4.21 The Evolution of Optimal Investment in Commodities 
 
This figure shows the evolution of optimal asset-liability portfolio holdings in the full surplus optimisation 
model during the three-year period ended December 2012. The graph shows that the model implied optimal 
portfolio is relatively stable. It is observed that the higher the risk aversion coefficient, the lower the optimal 
investment in commodities.  
  
 
 
The results show that at 5 , Ghana‘s market exposure in commodities at any time during 
the three-year period should be no more than 50% of total investible resources. While the 
remaining half must be held in riskless foreign reserves such as investment in US government 
treasuries or as an increase in the World Bank special drawing rights. This is because; any 
market exposure in excess of or below this optimal level would cause a decrease in 
government income and expose the country to greater economic risk. 
To achieve optimal allocation, the country must use hedging strategies to manage the total 
level of exposure to the market. As the country relies on three sources of commodity 
generated export income, it is important to establish the compositions of each asset in the 
optimal portfolio as these are required to enable us calculate the appropriate hedge ratios. 
Using the same numerical procedures described above in the case of the asset-liability 
strategies, I numerically estimate the value of the functional equation (4.65) and then 
calculate the optimal portfolio fractions for each of the three assets given by equations (4.62) 
to (4.64). I calculate the values at various levels of aversion and present the results in the 
following graphs: 
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Figure 4.22 Comparison of the Evolution of Optimal Investment in Individual Commodities at Gamma=5 
 
This figure shows the model implied optimal levels of individual asset fractions to be held in quarterly 
rebalancing portfolio strategies during the three-year period up to 31 December 2012. Optimal investment in 
crude oil and cocoa tend to fluctuate while the portfolio fraction in gold is generally stable. Again, the results 
indicate a greater preference for crude oil between the third quarter of 2010 and the first quarter of 2012. 
However, that appeal seems to have briefly evaporated in mid-2012 as more resources are into gold and cocoa 
instead of oil. 
 
 
 
 
 
Figure 4.23 Comparison of the Evolution of Optimal Investment in Individual Commodities at Gamma=2 
 
This figure shows the model implied optimal levels of individual asset fractions to be held in quarterly 
rebalancing portfolio strategies during the three-year period up to 31 December 2012.  Comparing this graph to  
Figure 4.22, it is found that as the risk aversion coefficient is reduced, the fraction of wealth optimally invested 
in the individual commodities tend to be closer during the period. 
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Figure 4.24 Comparison of the Evolution of Optimal Investment in Individual Commodities at Gamma=10 
 
This figure shows the model implied optimal levels of individual asset fractions to be held in quarterly 
rebalancing portfolio strategies during the three-year period up to 31 December 2012.  When this graph is 
compared to Figure 4.22  and Figure 4.23, it is found that as the risk aversion coefficient increases, the fraction 
of wealth optimally invested in the individual commodities tend to be wider apart during the period with 
generally the greatest investment in crude oil followed by gold. 
 
 
 
 
4.8 Summary 
In this chapter, I extend the analysis to a dynamic stochastic setting. I develop a dynamic 
programming based ALM approach for estimating the optimal portfolio rules and 
numerically solve for what the unconditional investment policies in each of Ghana‘s assets 
must be. I find that the results are similar to the mean-variance case and confirm the view in 
the literature that the optimal fraction of wealth invested in risky portfolio is equivalent to the 
tactical mean-variance buy-and-hold myopic portfolio demand when asset return moments 
are time invariant. However, in addition to the optimal portfolio rules, the dynamic 
programming approach enables me to derive the optimal consumption policy. I find that, no 
more than half of sovereign wealth must be allocated for fiscal consumption with the rest 
invested either in commodities or on the money market.  
Noticeably, the sovereign asset returns, variances and covariance matrix are not static but 
vary over time in response to financial and macroeconomic shocks. The implication is that 
the country must dynamically modify its strategies to account for changing market 
conditions. This calls for conditional rather than unconditional ALM strategies. 
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Therefore, I develop ALM strategies in a conditional setting where the portfolio decisions 
as well as optimal consumption policies are conditioned on the stochastic realisations of 
commodity prices. I develop different strategies for a one risky asset case and for the case 
where there are multiple risky assets. 
In an asset only ALM model with one risky asset, the hedging portfolio demand is 
negative and tends to reduce the total fraction of wealth held in risky assets. The implication 
is that momentum strategies are not optimal which suggests that a contrarian view of the 
market be taken by government who must increase investment in commodities when current 
prices are lower and reduce such investment when current prices are deemed to be higher 
than expectation as mean reversion is expected to cause a reversal in market trends. The 
model suggests that less than 40% of wealth be allocated for fiscal spending thus leaving 
enough reserves on hand for debt repayments. Moreover, consumption-wealth ratio is 
dynamic giving rise to a steady growth in sovereign wealth as well as a generally smooth 
inter-temporal consumption. Extending the model to include liabilities in a full surplus ALM, 
I find that the optimal portfolio holding is proportional to expected asset returns but inversely 
related to liability returns.  The hedging demand is non-linear and more sensitive to the level 
of liability return than expected asset returns. I observe that optimal portfolio fraction is 
larger at a given level of risk aversion when liabilities are introduced leading to the 
conclusion that diversification benefits offered by liabilities make investment in the portfolio 
more attractive (than in the assets-only case) as it increases the hedging demand.  
Furthermore, although in the asset and liability case, the liability importance coefficient is 
taken as given; a mathematically tractable solution that endogenously derives the optimal 
sovereign debt-to-GDP ratio is provided. It is found that higher levels of risk aversion induce 
greater conservatism with respect to borrowing causing a reduction in sovereign debt. Again, 
a higher demand for commodity investment reduces sovereign borrowing requirements. 
Similarly, a higher current yield and a higher bond return volatility reduce the demand for 
borrowing. Another important observation with testable implications for the age-old debt 
overhang problem that is suggested by the results is that, the cost of borrowing is directly 
proportional to the distance from the current yield to the steady state cost of debt requiring 
that government borrowed money only when debt markets are stable and debt return 
volatility is low. 
Finally, I extend the model to multiple risky assets and obtain numerical solutions for the 
relative fractions of wealth to be optimally invested in each asset in a dynamic stochastic 
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environment such that the relative mix of the assets in the portfolio are dynamically adjusted 
in response to changing market conditions.  Assuming a quarterly investment horizon, I 
numerically solve the optimal fractions of wealth invested by the country and stress the 
necessity of dynamically rebalancing the portfolio to ensure efficient risk management and 
Pareto optimal allocation. 
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Chapter 5 
Stochastic Volatility, Jumps and Dynamic 
Asset-Liability Management 
 
5.1 Introduction 
In Chapter 3, I explored the optimal strategies available to a commodity dependent economy 
for solving the macroeconomic volatility problems. Given the resources available to an 
economy like Ghana, I derived the level of investment and asset allocation strategies required 
to deliver Pareto optimal efficient allocation in the mean-variance framework. I showed that 
to achieve the results implied by the model, the sovereign ALM model must combine the 
optimisation with a hedging programme. Consequently, I estimated optimal hedging ratios 
and derived the optimal hedging programme that maximises the return on the country‘s assets 
while minimising the risks thereby providing the much-needed solution to the sovereign 
macroeconomic volatility problems.  
In Chapter 4, I extended the analysis to a dynamic stochastic setting in which the country 
has an infinite investment horizon and seeks to maximise inter-temporal utility from fiscal 
consumption or government spending given the country‘s resource constraints. Furthermore, 
I derived the optimal portfolio and asset allocation policies necessary to achieve the 
sovereign ALM objectives. This I did first under the assumption of time invariant asset 
returns and then in a conditional setting where asset returns are assumed to evolve 
stochastically over time in a Markov diffusion process. 
In this chapter, I seek to address the question: How do event risks and discontinuities in 
asset prices affect the optimal allocation to commodities? To accomplish this objective, I 
extend the analysis much further to a dynamic stochastic environment in a market with 
discontinuous asset price dynamics and explore the conditional ALM strategies in this 
setting. Discontinuities in asset prices originate from stochastic volatility and event related 
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risks that cause returns to follow a Markov jump-diffusion or Poisson process. In such a 
market, stochastic volatility and jumps are additional sources of risks. This means there are 
more sources of risks than available assets upon which state contingent securities can be 
written. Consequently, there are not enough state contingent securities to hedge all of the 
risks and the market is incomplete. In section 5.2, I motivate the topic by discussing the 
theoretical concepts as well as empirical evidence supporting the importance of developing a 
model that accounts for event related risks or stochastic volatility jump-diffusion processes. 
In section 5.3, I present the model. Again, I discuss the optimal portfolio policies as well as 
the comparative statics in section 5.4 for the stochastic volatility jump-diffusion model and 
then in section 5.5 the special case where returns follow a stochastic volatility process but 
with no jumps. The parameter estimation and model calibration methods are discussed in 
section 5.6, while the numerical results are presented in section 5.7. Finally, I provide 
concluding remarks in section 5.8. 
 
5.2 Event Related Risks 
The risk of a major event precipitating a sudden shock to asset prices and volatilities is one of 
the inherent risks faced by governments predominantly dependent on commodity related 
income. The occurrences of sudden large shocks cause commodity prices to jump 
significantly affecting optimal portfolio strategy. Jumps and stochastic volatility affect 
portfolio strategy in many ways. For example, asset return distributions show evidence of 
increased skewness and kurtosis where the underlying price follows a stochastic jump-
diffusion process. Liu, Longstaff and Pan (2003) show that the risk of price jumps cause 
investors to behave as if they have short sales and borrowing constraints. They find that 
optimal portfolio is a combination of solutions to two problems namely a continuous time 
problem and a static buy-and-hold problem. The hedging demand provides for the continuous 
time problem while the standard myopic demand component of the portfolio is the solution to 
the static buy-and-hold problem. The intuition is that the occurrence of an event related jump 
result in the portfolio return being, on the same order of magnitude, the same as the 
applicable return from a static buy-and-hold portfolio strategy over some finite time horizon. 
Since both events have approximately the same impact on wealth, it is impossible to separate 
their impact on portfolio choice.  
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Following the pioneering work of Merton (1971), the problem of dynamic portfolio 
choice in the presence of richer stochastic environments has received precocious attention. As 
a result, a prolific set of literature exists for optimal portfolio choice either in the one period 
Markowitz setting or in the more complex dynamic Merton setting. Some of the studies 
consider portfolio problems when asset returns follow simple diffusion process, Poisson 
process or more general Levy processes. For instance, Kallsen (2000) study optimal portfolio 
choice problems when asset returns follow Levy processes while Ortobelli et al (2003) 
consider a one period mean-variance problem when asset returns are generated by a stable 
Pareto distribution. Again, Civitanic et al (2008) study the sensitivity of optimal portfolio 
policy to skewness and kurtosis in return moments while Aint-Sahalia et al (2009) analyse 
consumption and portfolio policies in the presence of Brownian jump risk and discuss why it 
is important that an investor actively control her exposure to this risk in order to achieve 
optimal utility. On their part, Liu, Longstaff and Pan (2003) as well as Chao-Lin (2010) 
consider the effect of event related jump risks and find that the existence of jumps in prices 
and in volatility has non-trivial impact on optimal portfolio policies. Both papers study the 
implications of jumps in price and volatility on dynamic portfolio strategies and find that 
jump risk significantly affects the investment in risky assets. However, to the best of my 
knowledge this is the first time the model is being studied in the context of commodities. 
Again, this study is the first substantial work, I am aware of, that makes use of the model in a 
sovereign ALM framework to examine the impact of event risks on macroeconomic volatility 
risk management.  
In this chapter, I extend the analysis in Chapter 4 to study the impact of event related risks 
such as jumps in prices and in volatility on the sovereign portfolio investment decisions. I 
follow Liu, Longstaff and Pan (2003) and formulate the optimisation problem for a sovereign 
investor endowed with commodity assets with returns generated by a jump-diffusion process. 
First, I assume a constant volatility parameter and consider a model where the risky asset 
follows a jump-diffusion process with deterministic jump sizes. Secondly, I consider the case 
where both the risky asset‘s return and volatility follow jump-diffusion process with 
deterministic jump sizes and study the impact of volatility jumps on the sovereign portfolio 
investment strategy. 
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5.3 The Model 
I assume that there are two assets in the economy, a risk free asset with price, tS  which 
generates a fixed rate of return, r  and a risky asset (a commodity) whose price, tP  follows 
the double jump diffusion process. The market price dynamics are formalised as follows: 
dtrSdS tt                    (5.1)
 
  ttttttttttt dNPXdWPVdtPVVrdP  ,1              (5.2) 
  ttttttt dNYdWVdtVVdV  ,2              (5.3) 
where 1dW  and 2dW  are standard Wiener processes with correlation vp, ; tV is the 
instantaneous variance of the diffusive returns; tN is a standard Poisson process with 
stochastic arrival intensity tV . Analogous to Liu, Longstaff and Pan (2003) formulation, I 
assume that the parameter vector (  ,,,  and  ) are non-negative constants; tX is a 
random price jump size with mean , and is assumed to have compact support on   ,1
which guarantees the price tP  
remains positive. Similarly, tY is a random volatility jump size 
with mean   and is assumed to have support on  ,0  to guarantee the positivity of tV . In 
general, I assume that the jump sizes tX and tY are independent across jump times and 
independent of 1dW , 2dW  and tN where:  
  dtdWdWE vp,21                 (5.4) 
Given the above dynamics, the price of a commodity is driven by three sources of risks 
namely: diffusive price shocks from 1dW , diffusive volatility shocks from 2dW  as well as 
realisations of the Poisson process tN .  The realisations of tN trigger jumps in both tP and tV
so that it is possible to study the effect of jumps in price as well as jumps in volatility on 
dynamic portfolio strategies. The jump sizes tX and tY are random so the arrival of an event 
could possibly cause either a big jump in price and only a small jump in volatility or a small 
jump in price and big jump in volatility. However, it is also possible for large movements to 
occur in both prices and volatility or jumps in only prices or volatility. Again, the 
instantaneous risk premium equals ttV  while   is the mean of the price jump size tX . This 
implies that compensation for the instantaneous return due to the introduction of jumps in the 
price dynamics comes from the quantity tt PV . Thus, the instantaneous variance of the 
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process follows a mean-reverting square root process which yields the Heston (1993) 
stochastic volatility model as a special case when   is constrained to be zero, which implies 
that there are no jumps. Again,   is a measure of the mean of the volatility jump size tY  and 
so compensates for the jump component in volatility through .tV  Modelling asset prices 
and volatility this way places the model in the affine class because the state variable tV  
is 
linear in all the primitives such as the drift vector, the diffusion matrix as well as the jump 
intensity parameter. 
Assuming no transaction costs and t as the fraction of wealth invested in the commodity 
portfolio, I have the following wealth dynamics: 
 
   .1 tttttttttttt dNXWdWVWdtWrVdW                (5.5) 
Then given an initial wealth 00 W  and assuming a power utility preference such as in (4.1) 
as well as the objective function in (4.2) the application of Merton type optimal control 
theory leads to the following Hamilton-Jacobi-Bellman (HJB) equation for the indirect utility 
function: 
    22
2
1
0 tttWWttttWt VWJVrWJJ       
   vptttWVtVVttV VWJVJVVJ ,
2
2
1
      
     JtYVXWJEV tttttt  ,,1                 (5.6) 
where Wt JJ , and VJ denote derivatives of the value function with respect to time, wealth and 
volatility respectively and similarly for higher order derivatives while the expectation in the 
last term of (5.6) is taken with respect to the joint distribution of tX and tY . I proceed by 
conjecturing a value function of the form: 
        tVtBtAttt e
W
tVWJ



 )
1
1
,,


                 (5.7) 
where  tA  and  tB are functions of time but not functions of the state variables namely 
wealth and volatility and satisfy the boundary condition     0 tbtA as    . Now taking 
the derivatives of the function in (5.7) with respect to its arguments and then substituting 
them in (5.6), I have: 
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
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         tt YtBttttVtBtAt eXXEWeV     11                 (5.8) 
which leads to the following first order conditions for optimal portfolio weight: 
      
 
 
    tYtBtttvptt eXXE
tB 








 

 1
,
             (5.9) 
However, to obtain explicit values of the optimal policy in (5.9), I must solve for the values 
of  tA  and  tB . To do this, I substitute (5.9) into the HJB equation (5.8). Simplifying and 
collecting terms, I have that: 
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           (5.10) 
where  tA and  tB are the derivatives of the functions  tA and  tB with respect to t . For 
this equation to hold for all tV , the linear coefficient of tV  and the constant term must be 
equal to zero independently of tV  which gives rise to the following system of ordinary 
differential equations: 
   
      
2
1
1
2
0 ,
22 
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

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
 t
vpttB
tB
t
tB
   
         tYtBtttt eXE    111            (5.11) 
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Then using the ODE solver in Matlab
38
, I numerically solve equations (5.11) and (5.12). I 
substitute the resulting values for  tA and  tB  in (5.9) and solve for the explicit values of 
the optimal portfolio policies.  
 
5.4 Optimal Policies and Comparative Statics  
From 5.9, it can be seen that where asset prices follow a stochastic volatility jump-diffusion 
process, the optimal portfolio policy has three terms. The first term is the myopic portfolio 
demand. However, it is made of two components; the usual risk premium on an asset with 
returns generated by a standard diffusion process plus a jump related risk premium both of 
which are scaled by the risk aversion parameter. The second term is the inter-temporal 
hedging demand, which hedges against the variability in wealth due to changes in volatility. 
The third term is the jump hedging demand that hedges variation in wealth due to the 
probability of a risky event occurring.  
It is important to note that the optimal portfolio weight in equation (5.9) is independent of 
wealth and volatility. In other words, both wealth and volatility have no market timing. This 
is mainly due to the homogeneity of the portfolio problem in wealth. The fact that the optimal 
portfolio policy is independent of volatility is because the Sharpe ratio of the risky asset is 
time varying and proportional to volatility and is given by   tt VSharpe   for the 
case where jumps exist and 
tt VSharpe  for the case where there are no jumps and 0 . 
I now analyse, in the next section, the solution for the case where volatility is stochastic but 
there are no jumps. 
 
5.5 Stochastic Volatility 
In the case where there are no jumps in asset prices and in volatility but volatility is 
stochastic, I have 0  .  In addition, two jump sizes tX and tY are assumed to be zero. 
Consequently, the optimal portfolio policy is given by the following expression: 
 





tBvpt
t
,
                (5.13) 
                                                      
38 The Matlab ODE solvers that I use for the numerical solution are based on standard finite difference 
techniques. 
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and in respect of the functions  tA and  tB  , the system of ODEs are different as follows: 
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The first term in (5.13) is the standard myopic demand, which is equal to the risk premium 
scaled by the risk aversion parameter. The difference between this and the myopic demand 
for the case studied in Chapter 4 with deterministic volatility is that the term does not 
formally depend on the variance parameter. As explained before, this is because the risk 
premium is proportional to volatility. This implies that the myopic demand still has an 
informal dependence on variance and is therefore not too different to the deterministic 
volatility case. The second term in (5.13) is the volatility hedging demand for the risky asset, 
which is directly proportional to the correlation coefficient between the instantaneous risk 
premium and changes in volatility. Since the risk aversion parameter , as well as  and 
)(tB are non-negative, the effect of the volatility hedging demand on optimal portfolio policy 
depends on the sign of the correlation parameter .,vp  A positive correlation implies that 
expected returns increase with volatility. Hence, a rise in volatility increases the investment 
in risky assets. This occurs not only by the reallocation of wealth from risk free reserves but 
also through  transfer of resources into initiatives that leads to expansion of the commodity 
industry as government cuts back on fiscal spending on infrastructure and other social 
amenities. There is therefore a clear contradiction here in relation to fiscal policies in most 
commodity dependent countries namely that in periods of higher commodity price volatility, 
risk premium is higher but this would only translate into greater sovereign wealth if the 
government invested more in the income generating assets meaning a greater emphasis on the 
agricultural sector is called for. 
 
5.6 Model Calibration 
In a continuous time ALM framework, I assume that the country receives a return on 
commodity exports equivalent to the Goldman Sachs Commodity Index (GSCI). Thus, as part 
of the empirical analysis, I use the GSCI as proxy for Ghana‘s assets similar to the 
assumption made in the previous chapter. However, I use daily data this time and model price 
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and volatility jump-times independently as Poisson counting processes with stochastic arrival 
intensities. To obtain the numerical solution to the Stochastic Volatility Jump-Diffusion 
(SVJD) model, the first step is to calibrate the logarithmic index returns to volatility term 
structure, skew and kurtosis observed in the historical data. However, maximum likelihood 
methods used in the previous chapter are inappropriate for estimating the parameters of 
equations (5.1) to (5.3). There are two main reasons for this: firstly, stochastic volatility is a 
latent rather than an observed variable and so has no closed-form expression for the 
likelihood function. Secondly, as the model is in continuous-time and there are unobserved as 
well as serially correlated random variables, it has no closed-form expression for the discrete-
time representation of the transition probability density function (Gonzalez-Urteaga (2012), 
Craine, Lochstoer and Syrtveit (2000)). 
I estimate the structural parameters of the SVJD model using the Efficient Method of 
Moments (EMM) approach. This is done in two steps: an Instrumental Variables (IV) 
regression estimation of the moment conditions of the logarithmic index return and stochastic 
volatility equations followed by a Generalised Method of Moment (GMM) estimation in 
which the parameter estimates of the first pass regression constitute the inputs used in 
calculating an optimal weighting matrix for the GMM
39
. This approach follows the method 
proposed by Bates (1996) and Gallant and Tauchen (1996) and adopted by Das and 
Sundaram (1999), Das and Uppal (2004) as well as Andersen, Benzoni and Lund (2002). For 
a detailed explanation of the estimation methodology
40
, I refer the reader to Andersen, 
Benzoni and Lund (2002). 
Given the structural parameters, I solve the 3 systems of equations (5.9), (5.11) and (5.12) 
at some initial value of t , using the numerical ODE solvers available in Matlab. Similarly, I 
solve the system of equations (5.13) to (5.15) for the stochastic volatility without jump case.  
The model parameter estimates as well as the numerical ODE solution to the optimal 
portfolio policies are presented in the next section. 
                                                      
39 The GMM Toolbox in STATA statistical software package has been used for the parameter estimation. 
40 A detailed discussion of a simulation-based version of the GMM approach can be found in Chapter 4 of 
Gourieroux and Monfort (1996). Alternative methods include Markov Chain Monte Carlo (MCMC) – 
acceptance-rejection method using the Metropolis-Hastings algorithm as well as the Empirical Characteristic 
Functions approach that makes extensive use of Laplace and Fourier transforms. Examples of MCMC 
applications are Jones (1998); Eraker (2001); Eraker, Johannes and Polson (2000); Elerian, Chip and Shephard 
(2001). For applications of the Empirical Characteristic Functions methodology, see Chacko and Viceira (2005), 
Jiang and Kurt (1999), Carrasco et al (2001) and Singleton (2001). 
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5.7 Numerical Results 
The analysis in this section has been based on the parameter estimates from the GMM 
regression of the structural model equations (5.1) to (5.3). The following parameter estimates 
were obtained from the calibration:                                          
                                 The Hansen-Sargan J-test led to the acceptance 
of the null hypothesis that the instruments are valid. 
Given the structural parameter estimates, I solve the dynamic portfolio problem as a 
numerical solution to equation (5.9) and present the results in the following graphs. 
 
 
Figure 5.1 Optimal Portfolio in the Presence of Jump Risk and Stochastic Volatility 
 
This figure depicts the relationship between optimal portfolio demand, risk premium and risk aversion in 
the presence of jump risk and stochastic volatility. It is the numerical solution to the optimal portfolio 
equation 5.9. The similarity with the complete markets case observed in Chapter 4 is that optimal portfolio 
is directly proportional to risk premium and inversely related to the risk aversion coefficient. However, the 
difference is that optimal portfolio here is non-linear even in the assets-only case. Further analysis reveals 
that this non-linearity is due to the effect of changes in risk aversion on both the myopic and hedging 
demand components. This non-linearity becomes greater as risk aversion reduces. As risk aversion 
increases, the effect on optimal portfolio diminishes. 
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Figure 5.2 Comparison of Myopic and Hedging Demands in Incomplete Market Case 
 
This figure compares the myopic and hedging demand components of optimal portfolio. It also shows the 
relationship of these components with risk premium and risk aversion. Different to the complete market case, 
hedging demand tend to be greater than myopic demand. As can be observed, the non-linearity caused by the 
risk aversion coefficient is greater in the hedging demand than the myopic demand.  
 
 
 
Figure 5.3 Optimal Portfolio and Jump Sizes 
 
This figure shows how the optimal portfolio fractions change due to changes in volatility as well as price jump 
sizes. The graph reveals that optimal portfolio increases with risk premium, price and volatility jump sizes.  
What is also evident is that the volatility jumps tend to have greater impact on optimal portfolio than price 
jumps.  
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Figure 5.4 Impact of Volatility Jump-Size on Total Portfolio Demand 
 
This figure plots the relationship between optimal portfolio, risk premium and volatility jumps. The results show 
that optimal portfolio increases with both risk premium and volatility jumps. However, the portfolio tends to be 
many times more sensitive to volatility jumps than risk premium thereby emphasizing the overriding importance 
of volatility jumps in portfolio selection and asset-liability management. 
 
 
 
 
Figure 5.5 Impact of Price Jump-Size on Total Portfolio Demand 
 
This figure plots the relationship between optimal portfolio, risk premium and price jumps. The results show 
that optimal portfolio increases with both risk premium and price jumps. Optimal portfolio is equally sensitive 
to price jumps and risk premium. This is unsurprising since there is direct causal relationship between 
commodity price and the risk premium.  
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Figure 5.6 Impact of Volatility Jump-Size on the Myopic and Hedging Demand Components  
 
This figure reveals the differential impact of volatility jumps on the myopic and hedging demand components of 
optimal portfolio. It is observed that myopic demand increases with risk premium as usual but it is insensitive to 
volatility jumps. On the contrary, hedging demand seems to be driven by volatility jumps more than the risk 
premium. 
 
 
 
 
 
Figure 5.7 Impact of Price Jump-Size on the Myopic and Hedging Demand Components 
 
This figure studies the differential impact of price jumps on the myopic and hedging demand components of 
optimal portfolio. It is observed that myopic demand increases with risk premium as usual but it is insensitive to 
price jumps. On the contrary, hedging demand seems to be driven by price jumps and not the risk premium.  
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Figure 5.8 Optimal Portfolio and the Correlation Between Prices and Volatility. 
 
This figure presents the relationship between optimal portfolio demand and the correlation between price and 
volatility in the incomplete market setting. Since both price and volatility are stochastic, changes in their 
evolution generate correlation dynamics that affect optimal investment in risky assets. The graph reveals that in 
the case of commodities, optimal portfolio is unaffected by changes in the correlation between price and market 
volatility.  
 
 
 
 
From the calibrated results, it is found that optimal portfolio is non-linear even in the 
assets-only case. The non-linearity exists in both the myopic and hedging demand 
components and tends to diminish with higher levels of risk aversion. Noticeably, the 
hedging demand is greater than the myopic demand in contrast with the complete markets 
model in Chapter 4. What is also evident from the results is that jumps in prices and volatility 
have non-trivial impact on optimal portfolio policy. For instance, we can see from Figure 5.4 
that the higher the volatility jump size, the higher the investment in the risky portfolio. Again, 
in Figure 5.5 positive price jumps increase the optimal fraction of wealth invested in 
commodities while negative jumps reduce such investment. Figure 5.3 on the other hand 
compares the impact of the two different types of jumps and reveals that volatility jumps 
have greater impact on optimal portfolio than price jumps. However, the analysis shows that 
optimal portfolio is unaffected by changes in the level of correlation between prices and 
volatility. This is evident in Figure 5.8, which confirms that optimal portfolio is insensitive to 
correlation. The conclusions we can draw from the ALM results are that in periods of higher 
market volatility, the country must increase market exposure to commodities and reduce its 
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market position in times when financial markets show evidence of low volatility or when 
commodity price volatility is low. 
 
 
5.8 Summary 
In this chapter, I explored the conditional ALM strategies in a dynamic stochastic 
environment where financial markets are incomplete with discontinuous asset price 
processes. I find that discontinuities in asset prices result from stochastic volatility and event 
related jump risks that cause returns to follow a Markov jump-diffusion or Poisson process. 
The significance of jumps in price and volatility on dynamic portfolio strategies requires that 
the sovereign ALM model is modified to account for these important sources of risks. An 
important result is the predominance of the hedging demand over the market demand in great 
contrast with the complete markets model. The results confirm the literature that jumps in 
prices and in volatility have non-trivial impact on optimal portfolio policy and that it is 
crucial to model jumps and stochastic volatility in the ALM model in order to account for all 
the risks faced by the country. Again, it is observed that volatility and price jumps 
significantly affect the fraction of wealth invested in risky assets albeit with differential 
impacts. For instance I find that the larger the volatility jump size, the greater the investment 
in the risky portfolio and that, positive price jumps increase the optimal fraction of wealth 
invested in commodities while negative jumps reduce such investment. Moreover, the results 
indicate that volatility jumps have greater impact on optimal portfolio than price jumps and 
that in the presence of jump and volatility risks, optimal portfolio is insensitive to correlation. 
Finally, the analysis led to the conclusion that in periods of higher market volatility, the 
country must increase market exposure to commodities while reducing such exposure in 
times when financial markets show evidence of low volatility and when commodity prices 
are stable. 
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Chapter 6 
Volatility Hedging Strategies 
 
6.1 Introduction 
In this chapter, I develop dynamic hedging strategies for managing macroeconomic volatility 
risks by combining the optimisation results from the previous chapters with contingent claims 
or hedging instruments. As it is difficult, if not impossible, to design an effective hedging 
strategy in the presence of jump risks, this chapter is not an extension of Chapter 5. On the 
contrary, I discuss different ways by which the model implied optimal portfolio rules derived 
under the dynamic ALM strategies in Chapter 4 could be achieved through financial 
diversification or hedging. In a conditional setting, I introduce commodity derivatives and 
study the effect of adding commodity futures or options to the portfolio and how this 
influences the ALM decisions, how they can be used to improve the results for Ghana and at 
what costs. In this case, the positions taken in derivatives are conditional on commodity 
prices.  In particular, I consider futures as well as options strategies. 
As part of the study, I explore the strategic options available to Ghana and discuss the 
trade-offs as well as the associated costs of using alternative hedging strategies. I also study 
the impact of using hedging strategies based on commodity derivatives such as futures to 
improve the sovereign ALM. This is important because the success of the hedging 
programme would enable Ghana to reduce terms of trade shocks caused by commodity price 
fluctuations. Moreover, optimal inter-temporal consumption would ensure a stable level of 
public spending in all states of nature as government spending is no longer tied to commodity 
prices. On the other hand, the temptation for government to overspend during economic 
booms and to impose austerity measures in times of low income due to lower commodity 
prices could be avoided. Stability in government spending coupled with a better containment 
of the sovereign debt burden reduces inflationary pressures while the country‘s wealth is 
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allocated to the most profitable use to ensure maximum utility benefit thereby reducing 
macroeconomic volatility, achieving optimal wealth level and lowering income volatility. 
The remainder of the chapter is organised as follows: in section 6.2, I consider hedging 
strategies using commodity futures. In section 6.3 I discuss alternative hedging strategies 
available to government as well as the trade-offs. I present the results in section 6.4 and 
conclude with a summary in 6.5. 
 
6.2 Futures Related Hedging Strategies 
Two different approaches to risk management are diversification and hedging. Diversification 
involves risk reduction through optimal asset allocation techniques based on imperfectly 
correlated assets. Hedging consists of employing derivative securities as a form of insurance 
contract to achieve a desired level of risk reduction. Thus, diversification and hedging are two 
different and, in most practical situations, competing approaches to risk management. Based 
on Merton‘s (1973) interpretation of the Black and Scholes (1973) option pricing formula, 
non-linear payoffs on an underlying asset can be replicated by dynamic trading in the 
underlying asset and a risk-free bond.  Using similar arguments, Goltz, Martellini and Simsek 
(2009) conclude that portfolio insurance or hedging can be regarded as the most general form 
of dynamic asset allocation but not static allocation. Goltz, Martellini and Simsek (2009) 
observe that an investor who adopts dynamic asset allocation strategies would be well placed 
to achieving the most general form of risk management that encompasses static 
diversification and dynamic hedging. Thus, the benefits of dynamic asset allocation strategies 
in a stochastically time-varying setting are incontrovertible. To exploit the dual benefits of 
dynamic hedging and asset allocation strategies, I construct an optimal portfolio of sovereign 
assets and liabilities that ensures risk diversification of the imperfectly correlated assets and 
liabilities. Next, I superimpose on the diversified portfolio, a dynamic hedging strategy. 
While protective put option is a viable strategy that can be easily implemented based on the 
asset-liability model, for the sake of brevity, a discussion of the actual implementation shall 
be limited to portfolio insurance strategies based upon dynamic state-contingent long 
positions in the commodity futures market. 
Although futures and options are the main instruments used for hedging commodity 
related risks, there are a number of important differences between them in relation to their 
relative hedging performance. One primary difference is that futures are predominantly 
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exchange traded whereas options are available on the exchange as well as over the counter 
(OTC). Under a futures contract, both the buyer and the seller have certain obligations. With 
an option contract, there are no obligations for the option buyer. At trade initiation, a future‘s 
buyer pays nothing to the seller while a premium is paid on option contracts. This initial 
financial outlay could be significant making an option contract a rather costly alternative to 
futures. Consequently, they have different risk/reward (payoff) characteristics. Under a 
futures contract, there is the potential for a linear payoff structure with a dollar-to-dollar gain 
for the buyer when the futures price goes up and a corresponding dollar-to-dollar loss when 
the price falls. The reverse is also true for the seller of the futures. However, options do not 
provide the same symmetric risk/reward relationship as futures.  On the contrary, options 
have nonlinear payoff structure, as the buyer‘s losses are limited to the value of the initial 
premium payment while the upside potential is infinite. On his part, the option writer‘s gain 
is capped at the value of the initial premium received while the potential losses are 
unbounded. For these reasons, futures are best used for protection against symmetric risks 
while options are the preferred insurance for asymmetric risks. Nevertheless, it is difficult to 
determine which risks are symmetric and which are not making the choice between options 
and futures not a particularly straightforward decision. 
In the quest to finding the more appropriate hedging instrument to use, a number of 
researchers have empirically studied the comparative hedge effectiveness of futures and 
options.   For instance, Wolf (1987) considers the hedge effectiveness of futures versus 
options in a mean-variance framework and concludes that in the absence of basis risk and 
market overpricing, options were outperformed by futures. However, using a mean variance 
model for a portfolio that includes options has been criticised by Ladd and Hanson (1991) as 
being miss-specified, since option payoffs do not have symmetric distribution, a fundamental 
assumption upon which the legitimacy of the mean-variance criterion is based. Ladd and 
Hanson (1991) provide alternative formulation based on general utility functions in a model 
that assumes market completeness. They conclude that existence of pricing bias in either 
market made options more preferable to futures. Absence of pricing bias, options are 
redundant thereby confirming the earlier findings by Wolf (1987). In addition, Lapan, 
Moschini and Hanson (1991) in a follow up article to Ladd and Hanson (1991) also find that 
in the absence of pricing bias, futures generated superior hedging performance than options. 
This is because the relationship between futures and the underlying commodity‘s spot price is 
linear while it is nonlinear between the spot and options. Other writers including Adams and 
Montesi (1995), Benet and Luft (1995), as well as Lien and Tse (2001), also confirm the 
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superiority of futures over options in relative hedge effectiveness. These findings coupled 
with the asymmetric risk/reward characteristics and higher transaction costs of options make 
futures the preferred derivative instrument for hedging in the commodities markets. 
However, where hedging strategies are used as a particular form of portfolio insurance, 
options rather than futures provide asymmetric exposures across the core portfolio, enabling 
investors to hedge downside risk at a fixed cost. In such situations, protective put option 
strategies are mostly used to hedge part or all of the downside risks. Index put options hedge 
market risks while put options written on specific commodities hedge the total risk associated 
with the asset. Put options are usually used as a tactical risk reduction strategy aimed at 
preserving the capital stock while simultaneously maintaining strategic return targets for the 
portfolio. In reality, protective put option is an insurance policy against downside risk, 
limiting the investor‘s losses to the insurance cost (the option peremium) while retaining 
unlimited upside potential over the life of the investment. The put option can be financed by 
selling out-of-the-money call options thereby creating a collar strategy. In this regard, the 
upside potential is no longer infinite but bounded by the strike price. As compensation, the 
option premium is reduced making the insurance less costly (Fabozzi and Markowitz (2002). 
The literature discusses two main approaches to portfolio insurance each of which could 
be structured as an option or futures based hedging strategy. The two are the Option Based 
Portfolio Insurance (OBPI) strategy proposed by Leland and Rubinstein (1988) and the 
Constant Proportion Portfolio Insurance (CPPI) strategy pioneered by the serminal works of 
Perold (1986) as well as Perold and Sharpe (1988) for fixed income securities and by Black 
and Jones (1987) for equity instruments. The OBPI consists of simultaneous purchase of a 
risky asset portfolio (of commodities in the case of this study) and put options written on the 
portfolio. The CPPI on the other hand is a dynamic investment strategy that requires 
continuous rebalancing. The OBPI strategy requires no portfolio rebalancing subsequent to 
the initial purchase of the put option protection and is thus analogous to a static investment 
strategy.  
The comparative efficiencies of the OBPI and the CPPI have been empirically studied by 
inter alia Black and Rouhani (1989), Black and Perold (1992), Bookstaber and Langsam 
(2000), Bertrand and Prigent (2005) as well as Zangst and Kraus (2011). While Bertrand and 
Prigent (2005) conclude that neither of the two strategies dominates the other statewisely or 
stochastically in the first order, Zangst and Kraus (2011) extend the analysis to encompass 
risk averse investors with utility functions that are increasing and concave in wealth in order 
to study stochastic dominance criteria up to the third order. They find evidence of both 
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second and third order stochastic dominance of the CPPI strategy over the OBPI. On the 
contrary, Bertrand and Prigent (2003) compare the empirical performance of the two 
competing approaches to portfolio insurance under a stochastic volatility setting. They 
conduct their experiments in a Black-Scholes risk-neutral world as well as in an incomplete 
market setting with stochastic volatility modelled as an Ornstein-Uhlembeck process. They 
find that, taking into consideration portfolio variance, skewness and kurtosis, the OBPI over-
performed the CPPI in risk-adjusted returns. From the foregoing, it is excruciatingly difficult 
to try to make explicit statements about the relative advantages of one strategy over the other. 
Nevertheless, the most significant benefits of the strategies have been eruditely summed up 
by Goltz, Martellini and Simsek (2009).  They state that both the OBPI and the CPPI 
structures offer investors non-linear payoffs thereby providing them the opportunity for 
infinite upside profit potential in bullish markets while limiting their downside in bearish 
markets to the cost of insurance or put option premium. Moreover, Goltz, Martellini and 
Simsek (2009) show that the OBPI strategy is particularly suited to investors faced with 
explicit constraints on terminal wealth where indirect marginal utility of wealth is 
discontinuous and jumps to infinity (Basak (1995), Grossman and Vila (1989)). On the 
contrary, the CPPI strategy is found to be optimal for portfolio investors with implicit rather 
than explicit wealth constraints where marginal utility goes smoothly to infinity (Basak 
(2002)). 
In this chapter, two approaches to risk management have been implemented. The first is a 
static diversified buy-and-hold portfolio with a dynamic futures hedging strategy. The second 
methodology is a dynamic portfolio rebalancing with an overlay dynamic futures hedging 
strategy. While the first approach is not set up in the same way as a typical portfolio 
insurance strategy, it has all the attributes as well as the advantages of the OBPI schemes 
discussed above. The second approach is also analogous to the CPPI strategy, the only 
difference being hedging strategies based upon commodity futures as opposed to put options. 
Long and short positions in commodity futures offer the opportunity to transform the 
nature of Ghana‘s position in each commodity. For example, as we saw in Chapter 3, Ghana 
can increase its exposure to gold while reducing that of crude oil in times of falling crude oil 
prices and rising gold prices. This is done by simultaneously taking a long position in gold 
futures and a short position in crude oil futures. By this strategy, Ghana is able to 
synthectically swap crude oil for gold in order to take advantage of increasing gold returns. 
However, to ascertain the correct quantity of futures required to hedge the current position in 
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each asset requires optimal hedge ratios to be estimated. I now turn the attention to how this 
can be done. 
 
6.2.1 Time Varying Hedge Ratios 
In Chapter 3, I estimated static hedge ratios in the context of the unconditional mean-variance 
ALM setting. This was based on the assumption that the hedge ratio remains constant over 
time just as variances and covariances are assumed to be time invariant. However, substantial 
evidence in the literature refutes the assumption of constant variances and covariances 
especially for commodities such as the ones studied here. For instance, Wilson et al (1996) 
find that there are structural changes in volatility in daily returns of oil futures due to 
exogenous factors such as severe weather conditions, political turmoil, and changes in OPEC 
oil policies. Fong and See (2002) find strong evidence of regime shifts in volatility of the 
West Texas Intermediate (WTI) daily oil futures prices. Sarno and Valente (2005) also find 
that the relationship between spot and futures returns is time varying and develop state-
dependent dynamic hedging strategies. Furthermore, Longin & Solnik (1995) analyse 
correlations between stock markets over a period of 30 years using the constant conditional 
correlation model of Bollerslev (1990). They find evidence that correlations are not constant 
and tend to increase over their sample period. They observe that correlations are typically 
higher during periods that are more volatile and depend on economic variables such as 
dividend yields and interest rates. They therefore recommend GARCH methods for 
estimating hedge ratios in order to account for the dynamic properties of correlations. 
 
6.2.2. GARCH 
In order to capture the time variation in conditional moments, GARCH is used to forecast 
hedge ratios using the maximum likelihood estimates of the conditional sample variance and 
covariance matrix. The optimal hedge ratio is then calculated as the conditional covariance 
between changes in the spot and futures price divided by the conditional variance of changes 
in the futures price. The model allows the hedge ratio to change over time to reflect current 
information resulting in a series of hedge ratios instead of a static hedge ratio for the entire 
investment horizon like the case encountered under the mean variance approach. This quasi-
dynamic approach to hedge ratio estimation is expected to materially improve portfolio 
performance [Cecchetti et al, 1988]. Many applications of GARCH for minimum variance 
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hedge ratio forecasting in finance rely on multivariate or bivariate GARCH models to 
estimate the conditional covariance matrix of returns. A number of these models that have 
been proposed impose different sets of restrictions on the dynamic process that describes the 
covariance matrix of returns. Some of the most popular models of the multivariate or 
bivariate GARCH class are Vech and Diagonal Vech models of Bollerslev et al (1988), the 
Factor ARCH model of Engle et al (1990), the constant correlation model of Bollerslev 
(1990), the BEKK model of Engle and Kroner (1995) as well as the dynamic correlation 
model of Engle and Sheppard (2001). However, Harris et al (2007) find that although 
frequently employed in empirical finance research, multivariate and bivariate GARCH 
models suffer from a number of practical implementation problems.  
One of the problems is that they are computationally burdensome and typically involve 
the simultaneous estimation of a large number of parameters. Apart from astronomical 
increase in computational costs, the models suffer from convergence problems resulting from 
non-concavity of the likelihood function. This is because; the models usually require 
computationally intensive grid-search over all of the parameters in the model in order to 
establish whether convergence to a global maximum of the likelihood function rather than a 
local maximum has been achieved. The third problem commonly encountered while using 
multivariate or bivariate GARCH models rather than their univariate counterparts is the 
difficulty of extending them to construct multi-period forecasts of covariance matrix of asset 
returns. The fourth problem is that their excessive complexity does not allow the models to be 
extended to capture complicated dynamics, such as outliers and structural breaks, in order to 
allow asymmetric response of volatility to return shocks. 
In an attempt to overcome these computational problems, a number of simpler 
specifications of the multivariate and bivariate GARCH models have been proposed. 
However, as Harris et al (2007) find, the majority of these so-called simplifications come at 
the costs of imposing severe and often implausible cross-equation restrictions on the 
covariance matrix.  In response to the overarching need for a more simplified and plausible 
model, Harris et al (2007) propose a new model that involves the estimation of only 
univariate GARCH models for both the individual asset return series as well as the sum and 
the difference of each pair of series. The covariance between each pair of asset return series is 
then calculated from the variance estimates. Due to its simplicity and observed efficiency, I 
employ this model in estimating time varying covariance matrix of the assets studied and 
present the results in section 6.4. For a more detailed exposition of the estimation procedure, I 
refer the reader to Harris et al (2007). 
6. Volatility Hedging Strategies 
 
171 
 
6.2.3. GARCH-Error Correction 
GARCH is sometimes combined with error correction to form what is called a GARCH-Error 
Correction model (GARCH-ECM). Where logarithmic asset prices are cointegrated, the 
residual of the series are tested for GARCH effects. If the test shows evidence of GARCH, 
then the cointegration and error correction model of Chou et al (2004) is combined with the 
GARCH model suggested by Cecchetti et al (1988) in order to estimate the optimal hedge 
ratios. The model is formalised as follows (Kroner and Sultan, 1993): 
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where the error terms follow a GARCH process. I refer the interested reader to Kroner and 
Sultan (1993) for a more detailed explanation of the estimation procedure. I used this model 
to estimate dynamic hedge ratios the results of which are presented in section 6.4. 
 
6.2.4 Copula-GARCH 
The assumption of joint normality between spot and futures return series as implied by 
GARCH methods has been found to be a major drawback by Lee (2009). According to him, 
the Gumbel and Clayton copulas for example outperform other models due to their ability to 
capture asymmetries in tail dependence. Hence, he develops a Copula-GARCH rather than a 
straight GARCH model for optimal futures hedging. A copula is a method of formulating a 
multivariate distribution so that dependence structures between a set of random variables can 
be investigated. It is a mathematical model with fairly recent application in finance and is 
based on the idea that each marginal variable can be transformed in such a way that the 
distribution of the transformed variable is uniform. A multivariate distribution can then be 
used to estimate the dependence structure of the transformed random variables. In other 
words, a copula can be described as a multivariate distribution on marginally transformed 
random variables and that allows the decoupling of the marginals from the dependence 
structure (Nelson, 1999).  
There are many families of copula namely; Elliptic, Archimedean and Placket copulas.  
However, the one mostly used for modelling in finance especially in the area of credit 
derivatives is the Gaussian copula, which is from the elliptic family and is constructed from a 
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bivariate normal distribution. Nevertheless, due to negative skewness and leptokurtic time 
series properties observed in most asset return distributions, the Gumbel and Clayton copula 
which are of the Archimedean class are becoming increasingly popular in risk management 
and derivatives pricing. This is due to their ability to capture most of the asymmetry in non-
linear dependence. Dias and Embrechts (2009) suggest the use of copula methods for 
investigating structural changes in conditional dependence. They assume that the process for 
a multivariate or bivariate asset return is dynamic and heteroskedastic and that the returns 
have to be standardised by conditional volatility estimates. Based on this assumption, they 
take a two-stage approach; standardise each univariate return series using GARCH volatility 
models and then employ copula models to test for changes in the conditional dependence. 
Their approach allows for testing for changes in conditional covariance or correlation as well 
as for changes in the complete conditional dependence.   
Given its empirically proven effectiveness, I also use copula to capture non-linear 
dependence between the bivariate spot and futures prices of each asset class. I combine the 
copula correlation coefficient, the Kendall‘s tau, with GARCH volatility estimates to 
construct a series of dynamic Copula-GARCH hedge ratios. The first step is to construct a 
model for the marginal distributions of the bivariate data, in this case the spot and futures 
logarithmic return series. To do this, I specify the conditional marginal densities of the 
bivariate data using a Gaussian GARCH (1, 1)
41
 specification for each asset class as follows: 
 Spot 
tStStS erccr ,1,10,    
  1,
2
,,  tStStS heh   
Futures 
tFtFtF erccr ,1,10,    
  1,
2
,,  tFtFtF heh                (6.2) 
where tSh ,  and tFh ,  are the conditional variances of the spot and futures return series 
respectively while tSr ,  and tFr ,  are the respective returns.    
                                                      
41 I tried to fit different GARCH models to the data, for example the GJR-GARCH, but observed that the 
GARCH(1,1) model sufficiently captured the stochastic volatility as the asymmetry parameter in the GJR 
version returned a zero coefficient. I also modelled different probability distributions such as the Student‘s t-
distribution and the skewed-t-distribution and found the Gaussian structure to best fit the data. 
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As a next step, I fit an appropriate copula function to the transformed residuals of the 
GARCH process. I assume that the causality between spot and futures is instantaneous and 
that each asset depends on its on filtration and not on the past evolution of the other. Hence, 
the parameters of the copula must be independent of the GARCH or marginal distributions of 
the bivariate series. Given that the marginal of the copula function are absolutely continuous, 
I have an expression for the Cumulative Distribution Function (CDF) of the form: 
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where  .,.C denotes the copula density. Given a series of independently and identically 
distributed variables, tx  1t toT , I maximise the following log-likelihood function: 
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where  21  . From the above relation, it is possible to divide the full log-likelihood 
function   ,L  into two separate parts: the marginal  11 XL  and  22 XL on the one hand 
and the copula   ,CL  component on the other. A two stage estimation process where the 
GARCH model is first estimated and the transformed marginal or standardised residuals used 
as input to the copula could be adopted. However, Van der Vaart (1998), Patton (2006b) as 
well as Manner and Reznikova (2010) reject this approach on the grounds that the 
corresponding standard errors are inefficient and advocate for the full maximum likelihood 
method which enables the simultaneous estimation of the GARCH and the copula. 
Following the one stage full maximum likelihood method, I tested the comparative 
efficiency of the t-copula, Gaussian-copula as well as the Clayton by attempting to fit them to 
the data and found the Clayton-copula as producing superior results as evidenced by the log-
likelihood values, Akaike and Bayes information criterion (BIC) as well as the standard 
errors of the parameter estimates. The log-likelihood of the Clayton is given by Vogiatzoglou 
(2010) and Patton (2006b) as: 
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where 




1
2
d ;  ttt uuu ,2,1 ,  and  is the Kendall‘s tau representing the dependence 
parameter. I set  to be dynamic and in the case of the Clayton-copula, it evolves according 
to the following equation: 
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where  is a logistic transformation function given by     11  xex  which ensures that
 1,0 . Given the values of , the optimal dynamic Clayton-Copula-GARCH hedge ratios 
for each asset class are given by the formula: 
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where tSh ,  and tFh ,  are the conditional variances of the spot and futures return series 
respectively. The results are presented in section 6.4. 
 
6.3 Other Hedging Strategies 
Apart from commodity futures, other hedging strategies including options and bilateral swap 
agreements are available for managing Ghana‘s macroeconomic volatility attributable to 
commodity price fluctuations. 
 
6.3.1 Options 
A put (call) option is a right but not an obligation to sell (buy) a given quantity of a 
commodity at a pre-agreed price. As Ghana has long position in commodities, it can achieve 
an upside exposure as well as downside protection by taking a long position in put options. 
This guarantees a minimum price for Ghana‘s exports while expected sovereign income is 
stabilised. This trade-off benefit comes with significant cost implications as the strategy calls 
for an advanced payment of option premium, which can be astronomical.  Even though 
Ghana‘s commercial production and export of crude oil started about three years ago, the 
country still imports some amount of crude oil. The 2011 budget statement indicates that the 
country already has a limited hedging programme in place for crude oil trading.  
Nevertheless, the crude oil imports are hedged independently of the exports. The imports are 
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hedged with call options while a put option strategy is used for the exports. This means a 
double cost implication for the country as advance payment must be made for both the call 
and the put options. The second problem is that the whole amount of the country‘s share of 
the oil export during the period is hedged. This also increases the cost of hedging since option 
premium depends on the size of the hedge. The ALM strategies proposed in the previous 
chapters offer the country potential risk diversification benefits due to asset-liability 
matching. The model ensures that both the imports and exports are matched and only the 
residual risk is hedged thereby reducing sovereign hedging costs. Apart from that, the model 
gives the optimal level of market exposure in crude oil that must exist during each quarterly 
holding period. Indeed, the model suggests that government‘s share of actual oil export is 
greater than (less than) the model implied optimal quantity while the excess (deficiency) is 
hedged by buying put (call) options.  For example, during the year 2010, the optimal portfolio 
rule (average for the period) for oil is computed as 55% (see Table 6.6 in section 6.4 below). 
This implies that just 45% of the 3.3million barrels representing government share of total oil 
production needed hedging instead of the entire export volume actually hedged. Assuming 
that option premiums are proportional to volume, the country could potentially reduce 
hedging costs by more than one-half by implementing the strategies developed in this study. 
Thus hedging just the excess/deficiency rather than the entire output substantially reduces the 
cost of hedging. 
 
6.3.2 Bilateral Swaps 
Bilateral swaps offer the opportunity for two countries to enter into a bilateral agreement 
whereby the value of the swap depends on commodity prices. These types of derivative 
instruments are becoming increasingly useful for hedging commodity price risks. For 
example, in February 2009, Russia and China were reported to have entered into an 
agreement in which Russia would supply China with 300,000 barrels of crude oil daily at a 
pre-agreed price per barrel for 20 years
42
. In exchange, China would lend Russia a loan of 
$25billion to be invested in the country‘s energy sector. Again, the Financial Times reports in 
March 2013 that China and Brazil have struck a $30billion currency swap deal under a 
bilateral swap arrangement
43
. Under the arrangement, Brazil is entitled to buy up to 
                                                      
42 http://online.wsj.com/article/SB123488153527399773.html 
43 http://www.ft.com/cms/s/0/3e20302e-9632-11e2-9ab2-00144feabdc0.html#axzz2Pz9H8YYD 
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190billion Yuan from the central bank of China at the value of 60billion Real (Brazilian 
currency unit) to boost the Brazilian government‘s foreign reserves in times of financial 
crises. In exchange, China is also entitled to buy up to 60billion Real and pay up to 190billion 
Yuan to the central bank of Brazil.  
Similarly, Ghana can also enter into a commodity swap arrangement with one or more 
countries that require Ghana‘s exports and which are also willing and able to lend to Ghana. 
This way, the country is able to tie sovereign debt refinancing costs to commodity prices. For 
other counterparties who wish to take a long position in commodities exported by Ghana but 
do not necessarily want physical delivery, a swap deal similar to those seen in the fixed 
income markets could be agreed where the value of the swap changes according to changes in 
commodity prices. In this case, the swap could be structured so that Ghana receives a certain 
amount from the deal counterparty when commodity prices fall below a pre-set benchmark 
and pays to the counterparty when prices rise above the benchmark. With this arrangement, a 
range of counterparties including corporate bodies could be used and not just countries, 
which require delivery of the physical commodities for domestic industrial consumption. To 
ensure that the hedging arrangement is optimal for Ghana, the unconditional mean-variance 
as well as the conditional dynamic sovereign ALM models developed in the previous 
chapters provides optimal portfolio rules, which can be used to calculate how much of the 
export value of each asset needs to be hedged. This would then be used to estimate what 
should be the notional principal that determines the size of the swap. 
 
6.4 Results 
I now present the results for the optimal sovereign hedging strategies suggested by the 
ALM model. The static ALM approach of Chapter 3 as well as the dynamic strategies in 
Chapter 4 provides the relative portfolio holdings of the three assets (gold, oil and cocoa) 
exported by Ghana. However, the actual quantities of each asset for which the country has 
market exposure are most often very different to the optimal quantity implied by the ALM 
model. To align individual asset holdings to the model implied optimal quantities, I suggest 
an overlay sovereign hedging strategy that effectively increases or reduces the country‘s 
exposure in each asset as required using futures contracts. To enable me calculate the optimal 
futures contracts required, I estimate dynamic hedging ratios for the three assets using the 
methods discussed in section 6.3. These hedge ratios are presented in Figure 6.1 to Figure 6.3 
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below. As can be observed, the average hedge ratio for each asset class is noticeably equal to 
the static case considered in Chapter 3 as evident in Table 3.14. 
. 
 
 
Figure 6.1: Optimal Hedge Ratios - Gold 
This figure presents the optimal hedge ratios for gold based on the sample daily data covering the period 
January 2000 to March 2012. In the diagram, the results obtained under the three different estimation methods 
are compared which show the same trend. We can see that the ECM-GARCH hedge ratios seem to be generally 
higher than the other methods while the copula-based hedge ratios are generally the lowest. For the model 
parameter estimates and standard errors see Appendix 6 (GARCH), Appendix 7 (Copula-GARCH) and 
Appendix 8 (ECM-GARCH). 
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Figure 6.2: Optimal Hedge Ratios - Oil 
This figure presents the optimal hedge ratios for crude oil based on the sample daily data covering the period 
January 2000 to March 2012. In the diagram, the results obtained under the three different estimation methods 
are compared which show the same trend. In the case of oil, the copula model produces the largest hedge ratios 
followed by the ECM-GARCH. For the model parameter estimates and standard errors see Appendix 6 
(GARCH), Appendix 7 (Copula-GARCH) and Appendix 8 (ECM-GARCH). 
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Figure 6.3: Optimal Hedge Ratios - Cocoa 
This figure presents the optimal hedge ratios for cocoa based on the sample daily data covering the period 
January 2000 to March 2012. In the diagram, the results were obtained for GARCH and ECM-GARCH only as 
it was impossible to fit the copula-based model to the logarithmic cocoa returns data. The results show similar 
trend throughout the sample period. For the model parameter estimates and standard errors see Appendix 6 
(GARCH) and Appendix 8 (ECM-GARCH). 
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Finally, I derive optimal dynamic futures hedging policies for the conditional ALM 
model. I use the portfolio rules from the static as well as dynamic stochastic models discussed 
in the previous chapters in conjunction with the dynamic hedge ratios to calculate the optimal 
futures quantity as well as the number of contracts required to hedge the country‘s position. 
For each asset, I compare actual production with the model implied optimal quantity to 
determine whether a long or short futures strategy is required. When the model implied 
optimal quantity is greater than actual production, the model suggests buying more futures 
contracts to increase the country‘s exposure in the asset. On the contrary, the model suggests 
selling futures to reduce sovereign risk exposure when actual quantity exceeds the model 
implied optimal level. As we shall see from the tables that follow, the predominant strategy 
suggested by the results is to buy gold futures and sell oil and cocoa futures. This hedging 
strategy confirms the findings in Chapter 3 where the mean-variance ALM model led to the 
same conclusion. The long/short dynamic hedging strategies are as summarised in the 
following tables: 
 
 
 
5. Volatility Hedging Strategies 
181 
 
Table 6.1: Optimal Gold Futures Hedging Strategies – Static Portfolio  
This table presents the optimal gold futures hedging strategies for the static ALM model44 from January 2010 to September 2012. The table shows the total quantity of gold produced in one 
year. I have computed the optimal quantity of gold in which the country should have market risk exposure using the optimal portfolio fraction from the static ALM case. I compute the quantity 
of gold that the country needs to hedge as the difference between the ALM implied optimal quantity and the actual quantity. If the model implied optimal quantity is greater than actual 
production, it is suggested buying more futures contracts to increase the country‘s exposure in gold and vice versa where actual quantity exceeds the model implied optimal level in which case 
gold futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates from the different models to calculate the optimal long/short position as 
well as the number of contracts required to implement the sovereign hedging strategy. The calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures 
strategies. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the unconditional asset-liability results (gold 70%). 
C – The optimal hedge ratio calculations are based on the results in Figure 6.1.  
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual  
Quantity 
Optimal  
Holding(θ) 
Optimal  
Quantity 
Spot  
Price 
Futures 
 Price 
GARCH Hedge  Clayton-Copula-GARCH 
 Ounces % Ounces $ $ Optimal  
hedge ratio 
Optimal futures 
 position 
(long)/short 
No. of contracts 
 to (buy)/sell 
Optimal  
hedge ratio 
Optimal futures 
 position 
(long)/short 
No. of contracts 
 to (buy)/sell 
 (A)  (B)   (C) (D) (E) (C) (D) (E) 
Q1 2010 222,750 70 797,128 1113.15 1113.30 0.8010 - 459,988  -   4,600   0.7967 -    457,563  -  4,576  
Q2 2010    1243.65 1245.50 0.7225 - 414,395  -   4,144   0.7272 -    417,069  -  4,171  
Q3 2010    1301.47 1307.80 0.7697 - 439,985  -   4,400   0.6284 -    359,197  -  3,592  
Q4 2010    1417.63 1421.10 0.7873 - 451,108  -   4,511   0.7594 -    435,124  -  4,351  
Q1 2011    1437.13 1438.90 0.7765 - 445,478  -   4,455   0.7675 -    440,303  -  4,403  
Q2 2011    1510.78 1502.30 0.7999 - 462,040  -   4,620   0.6846 -    395,420  -  3,954  
Q3 2011    1617.79 1620.40 0.7465 - 428,059  -   4,281   0.7353 -    421,652  -  4,217  
Q4 2011    1574.57 1565.80 0.8489 - 490,334  -   4,903   0.7938 -    458,506  -  4,585  
Q1 2012    1638.09 1631.00 0.8358 - 482,159  -   4,822   0.8194 -    472,715  -  4,727  
Q2 2012    1657.69 1663.70 0.8273 - 473,462  -   4,735   0.7822 -    447,645  -  4,476  
Q3 2012    1722.20 1723.30 0.8437 - 484,285  -   4,843    0.7987 -    458,447  -  4,584  
 
                                                      
44 Static here refers to the optimal portfolio results from the unconditional dynamic stochastic ALM model developed in Chapter 4. However, I use the static portfolio 
policies in conjunction with dynamic hedge ratios to derive conditional rather than unconditional hedging strategies. 
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Table 6.2: Optimal Gold Futures Hedging Strategies – Dynamic Portfolios  
This table presents the optimal gold futures hedging strategies for the dynamic stochastic ALM model. The table shows the total quantity of gold actually produced in one year as well as the 
optimal quantity of gold implied by the ALM model. I compute the quantity of gold that requires hedging as the difference between the ALM implied optimal portfolio and the actual quantity. If 
the model implied optimal quantity is greater than actual production, it is suggested buying more futures contracts to increase the country‘s exposure in gold and vice versa where actual quantity 
exceeds the model implied optimal level in which case gold futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates from different 
models to calculate the optimal long/short position as well as the number of contracts required to implement the hedging strategy. The calculations assume a quarterly holding period. Positive / 
(negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the conditional asset-liability results in Chapter 4. 
C – The optimal hedge ratio calculations are based on the results in Figure 6.1. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual 
Quantity 
Optimal 
Holding(θ) 
Optimal 
Quantity 
Spot 
Price 
Futures 
Price 
GARCH Hedge  Clayton-Copula-GARCH 
 Ounces % Ounces $ $ Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
 (A)  (B)   (C) (D) (E) (C) (D) (E) 
Q1 2010 222,750 34.79 396,187 1113.15 1113.30 0.8010 - 138,896 -   1,389  0.7967 -   138,164 -  1,382 
Q2 2010  40.82 464,858 1243.65 1245.50 0.7225 - 174,674 -   1,747  0.7272 -    175,801 -  1,758 
Q3 2010  25.51 290,468 1301.47 1307.80 0.7697 -    51,873 -      519  0.6284 -      42,348 -      423 
Q4 2010  17.20 195,901 1417.63 1421.10 0.7873 21,087 211  0.7594 20,339 203 
Q1 2011  15.77 179,577 1437.13 1438.90 0.7765 33,484 335  0.7675 33,095 331 
Q2 2011  36.29 413,202 1510.78 1502.30 0.7999 - 153,203 -   1,532  0.6846 -    131,113 -  1,311 
Q3 2011  55.91 636,705 1617.79 1620.40 0.7465 - 308,503 -   3,085  0.7353 -    303,885 -  3,039 
Q4 2011  29.06 330,975 1574.57 1565.80 0.8489 -    92,389 -      924  0.7938 -      86,392 -      864 
Q1 2012  17.33 197,324 1638.09 1631.00 0.8358 21,344 213  0.8194 20,926 209 
Q2 2012  76.44 870,459 1657.69 1663.70 0.8273 - 533,910 -   5,339  0.7822 -    504,797 -  5,048 
Q3 2012  11.77 134,052 1722.20 1723.30 0.8437 74,786 748  0.7987 70,795 708 
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Table 6.3: Optimal Gold Futures Hedging Strategies (GARCH-ECM) – Static Portfolio  
This table presents the optimal futures hedging strategies for gold in the static ALM model with dynamic hedge ratio estimates from the GARCH-Error Correction Methodology. The 
calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the unconditional asset-liability results (gold 70%).  
C – The optimal hedge ratio calculations are based on the results in Figure 6.1.  
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual Quantity Optimal Holding(θ) Optimal Quantity Spot Price Futures Price GARCH-ECM 
 Ounces % Ounces $ $ Optimal  
hedge ratio 
Optimal futures position 
(long)/short 
No. of contracts to  
(buy)/sell 
 (A)  (B)   (C) (D) (E) 
Q1 2010 222,750 70 797,128 1113.15 1113.30            0.8029  -   461,119  - 4,611  
Q2 2010    1243.65 1245.50            0.7115  -   408,069  - 4,081  
Q3 2010    1301.47 1307.80            0.7090  -   405,286  - 4,053  
Q4 2010    1417.63 1421.10            0.7989  -   457,750  - 4,577  
Q1 2011    1437.13 1438.90            0.7708  -   442,204  - 4,422  
Q2 2011    1510.78 1502.30            0.7437  -   429,547  - 4,295  
Q3 2011    1617.79 1620.40            0.6812  -   390,620  - 3,906  
Q4 2011    1574.57 1565.80            0.8196  -   473,397  - 4,734  
Q1 2012    1638.09 1631.00            0.8957  -   516,724  - 5,167  
Q2 2012    1657.69 1663.70            0.8595  -   491,871  - 4,919  
Q3 2012    1722.20 1723.30            0.7837  -   449,845  - 4,498  
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Table 6.4: Optimal Gold Futures Hedging Strategies (GARCH-ECM) – Dynamic Portfolios 
  
This table presents the optimal futures hedging strategies for gold in the dynamic stochastic ALM model with dynamic hedge ratio estimates from the GARCH-Error Correction Methodology. 
The calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained 
below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the conditional asset-liability results in Chapter 4. 
C – The optimal hedge ratio calculations are based on the results in Figure 6.1. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual Quantity Optimal Holding(θ) Optimal Quantity Spot Price Futures Price GARCH-ECM 
 Ounces % Ounces $ $ Optimal  
hedge ratio 
Optimal futures position 
(long)/short 
No. of contracts to  
(buy)/sell 
 (A)  (B)   (C) (D) (E) 
Q1 2010 222,750 34.79 396,187 1113.15 1113.30 0.8029 -    139,238 - 1,392 
Q2 2010  40.82 464,858 1243.65 1245.50 0.7115 -     172,008 - 1,720 
Q3 2010  25.51 290,468 1301.47 1307.80 0.7090 -        47,782 -     478 
Q4 2010  17.20 195,901 1417.63 1421.10 0.7989 21,397 214 
Q1 2011  15.77 179,577 1437.13 1438.90 0.7708 33,238 332 
Q2 2011  36.29 413,202 1510.78 1502.30 0.7437 -      142,429 - 1,424 
Q3 2011  55.91 636,705 1617.79 1620.40 0.6812 -     281,521 - 2,815 
Q4 2011  29.06 330,975 1574.57 1565.80 0.8196 -        89,198 -     892 
Q1 2012  17.33 197,324 1638.09 1631.00 0.8957 22,874 229 
Q2 2012  76.44 870,459 1657.69 1663.70 0.8595 -    554,671 - 5,547 
Q3 2012  11.77 134,052 1722.20 1723.30 0.7837 69,467 695 
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Table 6.5: Optimal Oil Futures Hedging Strategies – Static Portfolio 
This table presents the optimal crude oil futures hedging strategies for the static ALM model from January 2010 to September 2012. The table shows the total quantity of oil produced in one 
year. I have computed the optimal quantity of crude oil in which the country should have market risk exposure using the optimal portfolio fraction from the static ALM case. I compute the 
quantity of oil that the country needs to hedge as the difference between the ALM implied optimal quantity and the actual quantity. If the model implied optimal quantity is greater than actual 
production, it is suggested buying more futures contracts to increase the country‘s exposure in oil and vice versa where actual quantity exceeds the model implied optimal level in which case oil 
futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates from the different models to calculate the optimal long/short position as well 
as the number of contracts required to implement the sovereign hedging strategy. The calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures 
strategies. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the unconditional asset-liability results (crude oil 
18.75%). 
C – The optimal hedge ratio calculations are based on the results in Figure 6.2. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual 
 Quantity 
Optimal 
Holding(θ) 
Optimal  
Quantity 
Spot 
 Price 
Futures 
 Price 
GARCH Hedge  Clayton-Copula-GARCH 
 Barrels % Barrels $ $ Optimal  
hedge ratio 
Optimal futures 
 position 
(long)/short 
No. of contracts 
 to (buy)/sell 
Optimal  
hedge ratio 
Optimal futures  
position 
(long)/short 
No. of contracts 
 to (buy)/sell 
 (A)  (B)   (C) (D) (E) (C) (D) (E) 
Q1 2010          3,285,000        18.75        503,812  78.38 81.26        0.1993     534,633          535            0.2227        597,313         597  
Q2 2010    76.64 75.70        0.1736     488,925          489            0.2024        569,976         570  
Q3 2010    78.38 79.26        0.2120     583,137          583            0.2395        658,628         659  
Q4 2010    93.17 93.49        0.2455     680,562          681            0.2783        771,457         771  
Q1 2011    115.41 115.16        0.1967     548,306          548            0.2178        606,992         607  
Q2 2011    110.18 110.82        0.1597     441,519          442            0.1870        517,088         517  
Q3 2011    107.69 104.82        0.1739     496,835          497            0.1949        557,011         557  
Q4 2011    107.51 107.62        0.2201     611,444          611            0.2425        673,778         674  
Q1 2012    112.51 112.78        0.2172     602,694          603            0.2396        664,857         665  
Q2 2012    109.60 111.40        0.2227     609,248          609            0.2579        705,760         706  
Q3 2012       117.21 118.17        0.2471     681,579          682             0.2763        762,119         762  
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Table 6.6: Optimal Oil Futures Hedging Strategies – Dynamic Portfolios 
This table presents the optimal futures hedging strategies for crude oil for the dynamic stochastic ALM model. The table shows the total quantity of oil produced in one year as well as the 
optimal quantity of oil implied by the ALM model. I compute the quantity of oil that requires hedging as the difference between the ALM implied optimal portfolio and the actual quantity. If the 
model implied optimal quantity is greater than actual production, it is suggested buying more futures contracts to increase the country‘s exposure in oil and vice versa where actual quantity 
exceeds the model implied optimal level in which case oil futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates from different 
models to calculate the optimal long/short position as well as the number of contracts required to implement the hedging strategy. The calculations assume a quarterly holding period. Positive / 
(negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the conditional asset-liability results in Chapter 4. 
C – The optimal hedge ratio calculations are based on the results in Figure 6.2. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual  
Quantity 
Optimal  
Holding(θ) 
Optimal  
Quantity 
Spot  
Price 
Futures 
 Price 
GARCH Hedge  Clayton-Copula-GARCH 
 Barrels % Barrels $ $ Optimal  
hedge ratio 
Optimal futures 
 position 
(long)/short 
No. of contracts 
 to (buy)/sell 
Optimal  
hedge ratio 
Optimal futures 
 position 
(long)/short 
No. of contracts 
 to (buy)/sell 
 (A)  (B)   (C) (D) (E) (C) (D) (E) 
Q1 2010 3,285,000 68.22 1,833,192 78.38 81.26 0.1993 279,084 279  0.2227 311,803 312 
Q2 2010  10.09 271,249 76.64 75.70 0.1736 529,809 530  0.2024 617,637 618 
Q3 2010  83.16 2,234,611 78.38 79.26 0.2120 220,237 220  0.2395 248,748 249 
Q4 2010  58.15 1,562,496 93.17 93.49 0.2455 421,500 422  0.2783 477,795 478 
Q1 2011  70.18 1,885,738 115.41 115.16 0.1967 275,862 276  0.2178 305,388 305 
Q2 2011  37.99 1,020,756 110.18 110.82 0.1597 359,453 359  0.1870 420,976 421 
Q3 2011  100.47 2,699,705 107.69 104.82 0.1739 104,558 105  0.1949 117,222 117 
Q4 2011  73.39 1,972,015 107.51 107.62 0.2201 288,660 289  0.2425 318,087 318 
Q1 2012  69.57 1,869,225 112.51 112.78 0.2172 306,804 307  0.2396 338,448 338 
Q2 2012  -29.78 - 800,077 109.60 111.40 0.2227 894,879 895  0.2579 1,036,638 1,037 
Q3 2012  60.53 1,626,545 117.21 118.17 0.2471 406,434 406  0.2763 454,461 454 
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Table 6.7: Optimal Oil Futures Hedging Strategies (GARCH-ECM) – Static Portfolio 
This table presents the optimal futures hedging strategies for crude oil for the static ALM model with dynamic hedge ratio estimates from the GARCH-Error Correction Methodology. The 
calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the unconditional asset-liability results (crude oil 
18.75%). 
 C – The optimal hedge ratio calculations are based on the results in Figure 6.2. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual Quantity Optimal Holding(θ) Optimal Quantity Spot Price Futures Price GARCH-ECM 
 Barrels % Barrels $ $ Optimal 
hedge ratio 
Optimal futures position 
(long)/short 
No. of contracts to 
(buy)/sell 
 (A)  (B)   (C) (D) (E) 
Q1 2010 3,285,000 18.75 503,812 78.38 81.26 0.2047 549,074        549  
Q2 2010    76.64 75.70 0.2007 565,152        565  
Q3 2010    78.38 79.26 0.2504 688,587        689  
Q4 2010    93.17 93.49 0.2733 757,442        757  
Q1 2011    115.41 115.16 0.2164 603,076        603  
Q2 2011    110.18 110.82 0.1835 507,382        507  
Q3 2011    107.69 104.82 0.1656 473,193        473  
Q4 2011    107.51 107.62 0.2327 646,528        647  
Q1 2012    112.51 112.78 0.2226 617,622        618  
Q2 2012    109.60 111.40 0.2306 631,045        631  
Q3 2012    117.21 118.17 0.2442 673,734        674  
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Table 6.8: Optimal Oil Futures Hedging Strategies (GARCH-ECM) – Dynamic Portfolios 
This table presents the optimal futures hedging strategies for crude oil in the dynamic stochastic ALM model with dynamic hedge ratio estimates from the GARCH-Error Correction 
Methodology. The calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been 
explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the conditional asset-liability results in Chapter 4.  
C – The optimal hedge ratio calculations are based on the results in Figure 6.2. 
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual Quantity Optimal Holding(θ) Optimal Quantity Spot Price Futures Price GARCH-ECM 
 Barrels % Barrels $ $ Optimal 
hedge ratio 
Optimal futures position 
(long)/short 
No. of contracts to 
(buy)/sell 
 (A)  (B)   (C) (D) (E) 
Q1 2010 3,285,000       68.22     1,833,192  78.38 81.26            0.2047                  286,632         287  
Q2 2010        10.09        271,249  76.64 75.70            0.2007                  612,233         612  
Q3 2010        83.16     2,234,611  78.38 79.26            0.2503                  259,961         260  
Q4 2010        58.15     1,562,496  93.17 93.49            0.2727                  468,140         468  
Q1 2011        70.18     1,885,738  115.41 115.16            0.2162                  303,223         303  
Q2 2011        37.99     1,020,756  110.18 110.82            0.1844                  415,031         415  
Q3 2011      100.47     2,699,705  107.69 104.82            0.1660                     99,828         100  
Q4 2011        73.39     1,972,015  107.51 107.62            0.2327                  305,197         305  
Q1 2012        69.57     1,869,225  112.51 112.78            0.2222                  313,806         314  
Q2 2012  -    29.78  -  800,077  109.60 111.40            0.2307                  927,048         927  
Q3 2012         60.53     1,626,545  117.21 118.17            0.2435                  400,549         401  
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Table 6.9: Optimal Cocoa Futures Hedging Strategies – Static Portfolio 
This table presents the optimal cocoa futures hedging strategies for the static ALM model from January 2010 to September 2012. The table shows the total quantity of cocoa produced in one 
year. I have computed the optimal quantity of cocoa in which the country should have market risk exposure using the optimal portfolio fraction from the static ALM case. I compute the quantity 
of cocoa that the country needs to hedge as the difference between the ALM implied optimal quantity and the actual quantity. If the model implied optimal quantity is greater than actual 
production, it is suggested buying more futures contracts to increase the country‘s exposure in cocoa and vice versa where actual quantity exceeds the model implied optimal level in which case 
cocoa futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates from the different models to calculate the optimal long/short position 
as well as the number of contracts required to implement the sovereign hedging strategy. The calculations assume a quarterly holding period. Positive / (negative) figures imply short/ (long) 
futures strategies. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the unconditional asset-liability results (cocoa 11.23%). 
C – The optimal hedge ratio calculations are based on the results in Figure 6.3.  
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual 
 Quantity 
Optimal  
Holding(θ) 
Optimal  
Quantity 
Spot  
Price 
Futures  
Price 
GARCH Hedge  GARCH-ECM 
 Metric tons % Metric tons $ $ Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
 (A)  (B)   (C) (D) (E)  (C) (D) (E) 
Q1 2010 250,000 11.23 13,508 3201.00 3399 0.0554 18,521 1,852  0.0494 16,492 1,649 
Q2 2010    3164.09 3612 0.0471 14,622 1,462  0.0486 15,104 1,510 
Q3 2010    2931.20 2829 0.0432 15,867 1,587  0.0480 17,647 1,765 
Q4 2010    3046.24 3044 0.0422 14,983 1,498  0.0489 17,345 1,734 
Q1 2011    3020.05 2925 0.0507 18,573 1,857  0.0409 14,974 1,497 
Q2 2011    3193.97 2988 0.0479 18,162 1,816  0.0520 19,709 1,971 
Q3 2011    2665.51 2576 0.0551 20,241 2,024  0.0578 21,213 2,121 
Q4 2011    2240.55 2075 0.0607 23,238 2,324  0.0588 22,547 2,255 
Q1 2012    2378.28 2355 0.0463 16,577 1,658  0.0615 22,042 2,204 
Q2 2012    2310.04 2246 0.0426 15,545 1,554  0.0555 20,266 2,027 
Q3 2012    2248.10 2165 0.0558 20,564 2,056  0.0539 19,842 1,984 
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Table 6.10: Optimal Cocoa Futures Hedging Strategies – Dynamic Portfolios 
This table presents the optimal futures hedging strategies for cocoa for the dynamic stochastic ALM model. The table shows the total quantity of cocoa actually produced in one year as well as 
the optimal quantity of cocoa implied by the ALM model. I compute the quantity of cocoa that requires hedging as the difference between the ALM implied optimal portfolio and the actual 
quantity. If the model implied optimal quantity is greater than actual production, it is suggested buying more futures contracts to increase the country‘s exposure in cocoa and vice versa where 
actual quantity exceeds the model implied optimal level in which case cocoa futures must be sold as a means of reducing the country‘s exposure in the asset. I use dynamic hedge ratio estimates 
from different models to calculate the optimal long/short position as well as the number of contracts required to implement the hedging strategy. The calculations assume a quarterly holding 
period. Positive / (negative) figures imply short/ (long) futures strategies are required. The items in the table labelled A to E have been explained below: 
A – The actual quantity exported is calculated as total quantity of the asset produced multiplied by government share of the output. 
B – Optimal quantity is actual quantity (A) multiplied by optimal portfolio fraction and divided by the asset‘s current relative contribution to GDP (i.e. gold 5%, crude oil 38% and cocoa 57%) 
and multiplied by the three assets‘s total contribution to GDP. The optimal portfolio fractions used in the calculations are those based on the conditional asset-liability results in Chapter 4. 
C – The optimal hedge ratio calculations are based on the results in Figure 6.3.  
D – Optimal futures position is estimated as negative of the hedge ratio multiplied by optimal hedging strategy multiplied by spot price and divided by futures price. The optimal hedging 
strategy is the quantity to (buy)/ sell, which is calculated as optimal quantity (B) minus actual quantity (A). 
E – Number of contracts to (buy)/ sell is optimal futures position divided by contract size. 
 
Date Actual  
Quantity 
Optimal 
Holding(θ) 
Optimal 
Quantity 
Spot  
Price 
Futures 
 Price 
GARCH Hedge  GARCH-ECM 
 Metric tons % Metric tons $ $ Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
Optimal 
hedge ratio 
Optimal futures 
position 
(long)/short 
No. of contracts 
to (buy)/sell 
 (A)  (B)   (C) (D) (E)  (C) (D) (E) 
Q1 2010 250,000.00 - 3.02 - 3,628 3201.00 3399            0.0554                     19,864     1,986              0.0494       17,687          1,769  
Q2 2010  49.08 59,042 3164.09 3612            0.0471                     11,806     1,181              0.0486       12,196          1,220  
Q3 2010  - 8.67 -10,431 2931.20 2829            0.0432                     17,473     1,747              0.0480       19,434          1,943  
Q4 2010  24.65 29,647 3046.24 3044            0.0422                     13,960     1,396              0.0489       16,161          1,616  
Q1 2011  14.05 16,901 3020.05 2925            0.0507                     18,306     1,831              0.0409       14,759          1,476  
Q2 2011  25.73 30,945 3193.97 2988            0.0479                     16,823     1,682              0.0520       18,256          1,826  
Q3 2011  - 56.39 - 67,825 2665.51 2576            0.0551                     27,203     2,720              0.0578       28,508          2,851  
Q4 2011      - 2.46    - 2,954 2240.55 2075            0.0607                     24,855     2,486              0.0588       24,116          2,412  
Q1 2012  13.11 15,765 2378.28 2355            0.0463                     16,419     1,642              0.0615       21,831          2,183  
Q2 2012  53.34 64,157 2310.04 2246            0.0426                     12,216     1,222              0.0555       15,926          1,593  
Q3 2012   27.69 33,313 2248.10 2165            0.0558                     18,842     1,884               0.0539       18,180          1,818  
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6.5 Summary 
In this chapter, I developed state dependent dynamic hedging strategies for managing 
macroeconomic volatility risks by combining the optimisation results from the previous 
chapters with hedging instruments. In a conditional setting, I made taking positions in 
derivatives conditional on commodity prices and suggested four hedging strategies 
appropriate for Ghana. These are put and call option strategies, bilateral swap agreements as 
well as commodity futures hedging programme. The model ensures that the country‘s imports 
and exports are matched and only the residual risks are hedged resulting in a substantial 
reduction in sovereign hedging costs. In this case, the optimal portfolio rules derived from the 
unconditional as well as the conditional ALM approaches make it easier to establish the 
optimal size of the hedges required under the put and the call option strategies and to 
minimise hedging costs. Assuming that option premiums are proportional to volume, I find 
that implementing the suggested ALM strategies enables Ghana to reduce sovereign hedging 
costs by 55% or more than one half. The model also enables the country to estimate the 
appropriate amount of the notional principal to use in bilateral swap agreements. These 
agreements enable government to tie sovereign debt refinancing costs to commodity prices 
and to generate additional revenue that provides the much-needed protection against 
sovereign income volatility in times of falling commodity prices.  
Furthermore, I estimated dynamic hedge ratios using three different approaches namely; 
GARCH, GARCH-ECM and Clayton-Copula-GARCH. The GARCH hedge ratios capture 
GARCH effects in the covariance structure of spot and futures pairs of commodities. These 
GARCH effects include changes in correlation between spot and futures due to stochastic 
volatility. The GARCH-ECM method ensures that cointegrating relationships in the bivariate 
commodity spot and the futures prices are also accounted for in the optimal hedge ratios 
while the Copula-GARCH hedge ratios make it possible to capture non-linear dependence in 
the bivariate spot and futures prices. The estimated hedge ratios together with the optimal 
portfolio rules provide the important ingredients for calculating the optimal futures quantities 
as well as the number of contracts required to hedge the country‘s position. It is found that 
the predominant optimal strategy is to buy gold futures and to sell oil and cocoa futures, 
which happen to confirm the findings in Chapter 3 under the mean-variance ALM model. 
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Chapter 7 
Conclusions 
 
This chapter summarises the work that has been carried out during the course of this study 
and points out the key areas of research that have been undertaken, results that have been 
achieved, the limitations of the study and potential extensions that may be required. 
 
7.1 Mean-Variance Asset-Liability Management  
The aim of this section of the report is to develop an unconditional investment strategy in 
commodities in Ghana by addressing the problem in the static setting using a mean-variance 
asset-liability management approach. It is found that the commodities exported by Ghana 
namely; gold, crude oil and cocoa account for about 30% of GDP as evident in the country‘s 
2011-budget statement. However, nearly all of the volatility in sovereign income is attributed 
to commodity related risks. The time series analysis show evidence of low inter-commodity 
correlations that offer substantial diversification benefits making portfolio returns noticeably 
greater than the average risk adjusted returns or  Sharpe ratio presently available to the 
country. In the currently undiversified form, Ghana‘s commodity exports generate an average 
annual Sharpe ratio of 13%, with a monthly value-at-risk and maximum drawdown of 
42.11% and 33.75% respectively. For a diversified portfolio with non-negativity constraints 
on the individual asset weights, the Sharpe ratio improves to 26% with a portfolio value-at-
risk (VaR) measure of -34.88% and a maximum drawdown of 11.89%. The corresponding 
optimal portfolio allocations that produce this superior performance are gold 70%, oil 18.75% 
and cocoa 11.23%. These fractions are therefore deemed the optimal unconditional 
investment strategy in commodities for the country. Comparing the results to the 13% Sharpe 
ratio the country currently makes on its commodity investments, the benefit of the 
unconditional portfolio strategies that have been implemented cannot be overemphasised. 
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Clearly, the unconditional ALM model enables the country to increase the Sharpe ratio on 
sovereign investments by as much as 13% (i.e double the current rate) while the monthly 
modified Cornish-Fisher value-at-risk as well as the portfolio maximum drawdown improves 
by 7.23% and 18.6% respectively. This implies a simultaneous increase in returns and a 
decrease in risks, which is indicative of the remarkable success of the ALM. Even more 
significant are the sensitivity analysis, which show that the optimal solutions are robust to 
substantial changes in interest rates. For instance, the current interest rates on government 
debts would have to increase by more than 300% before necessitating a material change in 
the optimal portfolio strategies. 
Asset-liability matching generates utility gains due to risk diversification. As expected, 
introducing sovereign liabilities reduces the expected return on the portfolio compared with 
the assets-only case. Nevertheless, the ALM model still generates results that outperform 
other portfolios with noticeable increase in the Sharpe ratio by as much as 13% over the 
country‘s current strategy. Typically, a practical implementation of the model implied 
investment strategies in commodities is fraught with many difficulties that could lead to 
unimaginable disruptions in the economy due to the significant structural changes that are 
required. For instance, the results imply that cocoa trees would have to be cut down in order 
to reduce the investment in that asset. This has serious political and socio-economic 
consequences as many people engaged in cocoa farming are rendered unemployed. Again, 
even if it were deemed appropriate to cut down cocoa trees in a particular year because the 
country is assessed to have too much exposure in that asset, it would be impossible to reverse 
the situation in the following year when market conditions demand an increase in commodity 
investment. This is because the cocoa crop, as it is common knowledge, takes years from 
planting to harvesting.  To avoid these problems, I advocate for overlay sovereign hedging 
strategies to accomplish the ALM objectives rather than a physical macroeconomic 
diversification, which, as we have seen, would inevitably lead to catastrophic economic and 
socio-political consequences. Overlay strategies imply that no changes are made to the actual 
production and the export of the physical commodities. However, the country‘s exposure in 
the assets is changed using derivative instruments such as commodity futures. Following this 
strategy, the portfolio investment policies implied by the unconditional ALM model suggest 
that, for every 12 month holding period, Ghana must sell 1,300 cocoa futures contracts, sell 
575 oil futures contracts and then buy 5,391 gold futures contracts. The aim of this hedging 
strategy is to reduce the country‘s exposure in cocoa and oil while increasing it in gold. 
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The above optimal hedging strategies depend on hedge ratios calculated using the naïve 
Ordinary Least Squares (OLS) regression approach. However, preliminary analysis of the 
commodity time series show evidence of marginal autocorrelation, significant 
heteroskedasticity and cointegration implying that the OLS hedge ratios might be inefficient. 
To improve the results, I adopt a range of commodity forecasting models to estimate what 
could be expected to be more efficient hedge ratios. The main forecasting models used are 
Vector Auto-Regression (VAR), Cointegration-Error Correction Method and GARCH. The 
VAR model helps to correct the inefficiency in the OLS hedge ratios due to the presence of 
autocorrelation. This important adjustment leads to a marginal change in the optimal 
sovereign hedging strategy as follows: sell 825 (OLS, 1,300) cocoa futures contracts; sell 496 
(OLS, 575) oil futures contracts and buy 5,377 (OLS, 5,391) gold futures contracts. 
The cointegration error correction forecasting method makes it possible to capture any 
long-term relationships that may exist between the bivariate spot and futures prices making 
the hedge ratio more efficient. On the other hand, the GARCH model, which forecasts the 
optimal hedge ratio as a function of the unconditional variance and covariance structure of 
the spot and futures series allow for any impact of heteroskedasticity in the return series. 
However, while the cointegrating error correction methodology produces numerical results 
that are not significantly different from the VAR (i.e. sell futures of cocoa 800, oil 502 and 
buy 5,384 gold futures) , use of the GARCH produces results that are close to the OLS. 
Implementing this strategy effectively transforms Ghana‘s current exposure in the three 
commodities to the optimal proportions implied by the ALM model resulting in a material 
increase in wealth measured by the Sharpe ratio while minimising the risks or sovereign 
income volatility. 
 
7.2 Dynamic Stochastic Asset-Liability Management  
This section discusses a dynamic programming ALM approach for managing macroeconomic 
volatility risks. Using dynamic programming offers greater flexibility by solving the optimal 
level of investment required in commodities in continuous-time instead of the mean-variance 
discrete-time representation. It also enables us to derive the optimal fraction of wealth 
allocated for fiscal consumption purposes and the proportion to invest in order to ensure 
Pareto optimal efficient allocation. Clearly, this model provides deeper insights enabling 
government to adopt policy initiatives with potentially greater utility enhancing opportunities 
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not available under the mean-variance framework. Under this approach, I perform the 
analysis with the assumption that the country is risk averse with continuously differentiable 
and additively separable power utility function with endowment in commodities from which 
the country draws dividends in the form of export income. I conclude that subject to the 
country‘s resource constraints, the Hamilton-Jacobi-Bellman optimality suggests that to 
achieve Pareto efficient allocation, 46% of wealth must be reserved for fiscal spending or 
consumption purposes. This conclusion is reached at a risk free rate of return of 9% and a risk 
aversion coefficient of γ=5 but it is crucial to pinpoint the fact that the optimal allocation to 
consumption is subject to change depending on the levels of risk aversion and the risk free 
rates. However, even in a worst case scenario with a 1% risk free rate and γ=10, the fraction 
of wealth available for fiscal consumption ought not be more than 49% while the remaining 
wealth is invested in commodities or put into a safe money market account.  
How much of the residual wealth is invested in commodities largely depends on the level 
of risk aversion and in agreement with the literature, I find that the higher the risk aversion 
coefficient, the lower the fraction invested in commodities. At a γ=5, I have 41% of the 
remaining wealth (after consumption) invested in commodities. Another important 
conclusion is that in the absence of short selling constraints, the optimal mix of the 
investment in commodities in the unconditional model must be as follows: 71% gold, 36% oil 
and -7% cocoa. The negative weight assigned to cocoa implies a short position in the asset. 
Where short selling is not allowed, portfolio weights cannot be negative, therefore, the 
fraction invested in cocoa is constrained to zero and the portfolio composition becomes gold 
67% and oil 33%. Referring back to the mean-variance approach in Chapter 3 in the specific 
case where the portfolio analysis was done after imposing non-negativity constraints on the 
individual asset weights, I find that the portfolio weights are similar to the above results 
obtained under short selling constraints. Thus, the unconditional portfolio investment 
decision strategies suggested by the ALM model are consistent, irrespective of whether the 
approach used is mean-variance or dynamic programming.  
However, the literature suggests that the assumption that asset return moments remain 
constant through time may be notoriously incorrect. This implies that the conclusions reached 
under the unconditional ALM model whether under mean-variance or dynamic programming 
approach may lead to suboptimal portfolio investment decisions. To account for possible time 
variation in return moments, I extend the analysis to a conditional setting. In this framework, 
the model allows the portfolio investment strategies to be dynamically modified conditional 
on commodity prices. The optimal portfolio now has two components; the standard myopic 
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buy-and-hold portfolio demand as well as a hedging demand component that insures the 
country against shocks to return moments and their corresponding welfare reducing effects. 
This additional hedging component requires that to ensure optimal investment decisions, the 
country must hedge against fluctuations in the investment opportunity set by dynamically 
rebalancing the portfolio. 
Under the conditional model, the hedging demand is negative thereby reducing the 
investment in commodities to a much smaller fraction of wealth than in the unconditional 
case. The negative hedging demand implies that momentum strategies are not optimal and 
that the country must take a contrarian view of the market. To put it more simply, investment 
in commodities must be increased when current prices are lower expecting future prices to 
rise due to mean-reversion. The reverse is also true when current prices are much higher than 
expected. In that situation, mean-reversion is ultimately expected to force prices down with 
concomitant reduction in commodity investments. What is also noticeable is the increase in 
optimal fraction of wealth invested in commodities following the introduction of liabilities 
into the full surplus ALM model. It is shown that optimal portfolio is proportional to the 
expected commodity returns but inversely related to liability returns and that the portfolio 
hedging demand is non-linear and is either positive or negative depending on market 
conditions. The hedging demand is also more sensitive to liabilities than asset returns. This 
leads to an important conclusion that the diversification impact of liabilities make investment 
in commodities more attractive thereby increasing the optimal portfolio demand. This 
evidence is unsurprising as it is consistent with the conclusion reached under the 
unconditional mean-variance approach where the Sharpe ratio is found to increase 
significantly following asset-liability matching. Moreover, the conditional model leads to 
conclusions similar to the unconditional model in respect of the optimal fiscal consumption 
policies with average consumption-wealth ratio of about 40% of gross wealth or 67% of net 
wealth after accounting for sovereign liabilities. The results also require that about 50% (47% 
in the assets-only case) of the residual wealth (after fiscal spending) be invested in 
commodities and the remainder kept in a default free money market account. In addition, the 
conditional model suggests that the sovereign consumption-wealth ratio be dynamically 
adjusted in response to market conditions. As expected, this leads to a consistent and a stable 
fiscal spending policy with smooth inter-temporal consumption. In the multi-asset case, the 
relative weights of the assets are dynamically modified conditional on commodity prices to 
ensure that the asset with the largest Sharpe ratio is assigned the greatest weight during each 
investment-holding period.  
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Furthermore, although in the asset and liability case, the liability importance coefficient is 
taken as given; a mathematically tractable solution that endogenously derives the optimal 
sovereign debt-to-GDP ratio is provided. It is found that higher levels of risk aversion induce 
greater conservatism with respect to borrowing causing a reduction in sovereign debt. Again, 
a higher demand for commodity investment reduces sovereign borrowing requirements. 
Similarly, higher current yield and higher bond return volatility reduce the demand for 
borrowing. Another important observation with testable implications for the age-old debt 
overhang problem that is suggested by the results is that, the cost of borrowing is directly 
proportional to the distance from the current yield to the steady state cost of debt requiring 
that government borrowed money only when debt markets are stable and debt return 
volatility is low. 
The foregoing amply demonstrates the relevance of the models that have been 
implemented to fiscal policy and financial stability. For instance, the new European Union 
Fiscal Compact, formally, the Treaty on Stability, Coordination and Governance (SCG) as 
well as its antecedent, the Stability and Growth Pact (SGP) aims to ensure fiscal discipline 
within the 28 member states. The policy measures include limits on government spending and 
curbs on internal and external government borrowing. Specifically, there is a limit of 3% of 
GDP budget deficit and a debt-to-GDP ratio of not more than 60%. The ALM strategies 
proposed in this study capture all the essential elements of the EU‘s SCG as it provides the 
necessary guidance that helps to limit fiscal spending to a level proportional to wealth thereby 
reducing if not preventing overspending by government unless government wilfully 
disregards the optimal portfolio rules. The dynamic nature of of the consumption-wealth ratio 
built into the model allows for fiscal rebalancing that helps smooth out government spending 
across different economic regimes to the extent that fiscal spending increase monotonically 
with sovereign wealth. 
Moreover, as previously stated, the model can be used to generate the optimal debt-to-
GDP ratios required to sustain fiscal stability and to provide utility gains to the state. Thus, 
the ALM strategies combined with the dynamic overlay hedging strategies, discussed in 
Chapter 6, could be adopted as fiscal policy instrument to provide sufficient guarantees for 
macroeconomic stability in Ghana to a much greater success. 
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7.3 Stochastic Volatility, Jumps and Dynamic ALM  
Stochastic volatility and event related jump risks create discontinuities in commodity prices 
resulting in market incompleteness where it is impossible to span the market with state 
contingent hedging securities for every source of risk. Consequently, this section of the report 
examines the impact of these additional sources of risk on the optimal conditional investment 
decisions. Using the dynamic programming approach with structural model parameter 
estimates from instrumental variables regression and Generalised Method of Moments 
(GMM) estimation methods, optimality is suggested by the Hamilton-Jacobi-Bellman (HJB) 
Partial Differential Equation (PDE). The results confirm the literature that event related risks 
such as jumps in prices and stochastic volatility have non-trivial impact on optimal portfolio 
investment decisions. The section concludes that both volatility jumps and price jumps 
significantly affect the proportion of wealth invested in commodities but with different 
degrees of impact. It is also found that the higher the volatility jump size, the higher the 
investment in commodities and that positive price jumps increase the optimal fraction 
invested in commodities while negative jumps reduce such investment. Moreover, optimal 
portfolio is non-linear in risk aversion while hedging demand tends to dominate the market 
portfolio. Furthermore, I have been led to the conclusions that volatility jumps have a far 
greater impact on the optimal portfolio decisions than price jumps and that in the presence of 
jump and volatility risks, optimal portfolio investment decisions are insensitive to correlation. 
Finally, the analysis has enabled me to make an important assertion to the effect that in 
periods of higher market volatility, the country must increase its exposure to the market in the 
form of increased investment in commodities and reduce such investment when prices are 
stable and market volatility is low. 
 
 
7.4 Volatility Hedging Strategies 
This section answers the key research questions: (i) What commodity derivatives could be 
used to hedge the risks? What are the trades-offs? Is it efficient to hedge all the risks? (ii) 
What forecasting models could be used to improve the risk management framework? These 
questions have been sufficiently addressed in Chapter 3 of this report in the mean-variance 
framework under the unconditional ALM approach. In the context of dynamic programming 
ALM, this section identifies put options, call options, bilateral swaps and futures as some of 
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the most efficient commodity derivatives that can be used for hedging commodity-induced 
macroeconomic volatility risks. An important conclusion reached from the study is that put 
and call options are effective risk management strategies that can help Ghana to reduce its 
sovereign hedging costs by as much as 55% when used as part of the ALM. Again, the study 
finds that bilateral swap agreements with notional principals appropriate for Ghana are 
effective risk management strategies, the reason being that, they induce counter-cyclicality in 
fiscal policy and strengthen the country‘s ability to contain terms of trade shocks due to 
commodity price fluctuations. Consequently, the macroeconomic volatility problems 
identified in Chapter 1 such as fiscal imbalances, the inability to forecast, more accurately, 
the future budgetary needs resulting in overspending or austerity measures and the potential 
risk of sovereign default are avoided by tying sovereign debt refinancing costs to commodity 
prices. In addition, substantial risk reduction as well as macroeconomic stability is achieved 
by taking advantage of the opportunities offered by bilateral swaps in generating revenues 
that serve as protection against income volatility in times of falling commodity prices.  
Furthermore, commodity futures are considered effective instruments for an overlay 
hedging programme. It is found that the optimal futures hedging strategy is to buy 
commodity futures contracts when the country‘s current exposure in a particular asset is less 
than what the model suggests to be the optimal quantity and to sell futures contracts when the 
actual quantity exported exceeds the model implied optimal level. As part of this strategy, 
hedge ratios are used to estimate the correct number of futures contracts required in order to 
hedge the country‘s position more efficiently. Since the success of the hedging programme 
largely depends on the accuracy of the hedge ratio estimates, I employ a number of 
forecasting tools aimed at improving the results of the dynamic hedging strategies. These 
tools include GARCH, cointegration error-correction models and copula. Preliminary 
diagnostic tests on the distributional properties of the time series data reveal evidence of 
partial autocorrelation (Appendix 4) and heteroskedasticity (Appendix 6) in the return 
moments. Use of GARCH enables the autocorrelation and heteroskedasticity effects to be 
captured in the hedge ratios. Moreover, GARCH enables the dynamic nature of volatility and 
the covariance structure to be modelled. Again, referring back to Chapter 5 of the report, we 
find that event related risks such as price and volatility jumps have non-trivial impact on 
optimal investment strategies in commodities. This is because jumps and stochastic volatility 
are additional sources of market risks, underscoring the importance of using GARCH to 
enable me to fully capture all of the risks. 
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In the Engle-Granger cointegration test results in Appendix 3, the null hypothesis is 
rejected at the 5% significance level for all the three commodities indicating that the price 
series are cointegrated. Consequently, I use a forecasting model that combines cointegration 
and error correction with GARCH (Appendix 8) to ensure that the cointegration relationship 
observed in the commodity time series is fully captured in addition to the GARCH effects. 
This GARCH-ECM model enables me to improve the forecasting accuracy of the hedge ratio 
estimates. Further analysis of the time series data reveal non-linear dependence in the 
pairwise combinations of the bivariate spot and futures return series of each asset class as can 
be seen in Appendix 7. To account for the non-linear dependence, I use the Clayton-Copula 
model in conjunction with GARCH to estimate dynamic Copula-GARCH hedge ratios in 
order to augment the accuracy of the sovereign futures hedge programme.  The conclusion 
from the hedging results using the above forecasting models is that the optimal hedging 
strategies must be dynamically modified, as the number of futures contracts required to hedge 
the country‘s exposure is conditional on commodity prices. Again, it is concluded that despite 
the dynamic nature of the strategies, the predominant strategy confirms the conclusions of the 
unconditional mean-variance approach that requires Ghana to sell oil and cocoa futures 
contracts and to buy gold futures for optimal sovereign asset-liability risk management. 
 
 
7.5 Areas for Future Research 
This work can be extended in several ways and I now point out some of the most important 
areas for future research. I first consider issues relating to limitations in methodology 
followed by limitations of scope.  
In Chapter 3, I discussed the unconditional ALM strategies in the static mean-variance 
framework where the statistical standard deviation was used as the volatility measure that 
forms an important input in the estimation of portfolio performance measures such as the 
value-at-risk and the Sharpe ratio. However, a major criticism of the standard deviation or 
volatility measure is the assumption of symmetric risk and the equal significance attached to 
upside and downside risks. In other words, using the standard deviation or variance in 
portfolio optimisation implies that outcomes above expected portfolio returns are deemed as 
risky as outcomes below it. Clearly, this is counterintuitive as Ghana is more likely to be 
concerned about results that fall short of expectations than those that exceed expectations. A 
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better appreciation of what constitutes risk and how it is accurately measured is crucial for 
accurate portfolio performance evaluation and has been a subject of considerable research 
focus. This has led to a plethora of asymmetric risk measures including the Lower Partial 
Moment, Semi Variance, Roy‘s Safety-First criterion as well as a host of quantile-based risk 
measures. The natural consequence of this is the evolution of an asymmetric analogue to the 
Sharpe ratio that imposes a penalty for negative risk taking, the Sortino ratio as an alternative 
portfolio performance measure (Ziemba (2005) and Pachamanova and Fabozzi (2010)). 
Again, in the conditional model, I approximated sovereign liabilities as a stochastic 
variable that follows a Vasicek type Ornstein-Uhlembeck process. However, a major 
criticism of this model is the inability to guarantee the positivity of interest rates. This 
problem can be circumvented by transforming the naïve Vasicek model to an exponential 
version or by adopting a parsimonious characterisation of the stochastic process using the 
Cox-Ingersoll-Ross (CIR) model that not only cures the negativity defect in the Vasicek but 
also accounts for the non-normality in the transitional density distribution due to the presence 
of skewness and kurtosis.  
Another aspect of the stochastic volatility jump diffusion asset-liability model in which 
the potential for an improvement exists is the approach adopted for the structural parameter 
estimation. While I have followed the Generalised Method of Moments (GMM) estimation 
approach, the method suffers from aggregation problems arising from discretisation and 
inefficient parameter estimates caused by distributional disturbances in the case where the 
distribution of standardised errors are not conditionally heteroskedastic. Use of the Empirical 
Characteristic Functions methodology to estimate the structural parameters of the stochastic 
volatility jump-diffusion model in Chapter 5 avoids this potential difficulty due to the 
tractability of the characteristic function and its direct link to the empirical distribution 
function through Fourier inversion or inverse Laplace transform (Singleton, 2001).  
In asset-liability management, what is mostly important is the predictive distribution of 
returns. However, Garlappi, Uppal and Wang (2007) find that predictive distribution is a 
combination of both market risk and estimation risk. The estimation risk exists because the 
return and volatility parameter estimates are not the true parameters and are unobservable. 
Since the maximum likelihood approach adopted in Chapter 4 does not account for 
estimation risk, a Bayesian ALM framework is required to allow finite sample inferences to 
be made about the probability distribution functions and to incorporate some exogenously 
given prior beliefs or expert information about the structural parameters during the estimation 
process. This could be done using Markov Chain Monte Carlo (MCMC) approaches such as 
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the Gibbs sampler for simulating the posterior distribution of logarithmic returns in the mean 
variance setting using conjugate priors (Scherer and Martin, 2007) or the Metropolis-Hastings 
(acceptance-rejection) algorithm for sampling arbitrary proposal distributions in the non-
Gaussian setting (Bade, Frahm and Jaekel (2008)). 
In this study, I have limited the scope to commodity prices as the only sources of 
macroeconomic volatility due mainly to time constraints. A potentially interesting extension 
to the sovereign ALM is the introduction of taxation as well as inflation in the conditional 
model. Taxation could be formalised as a non-tradable asset while inflation is modelled as a 
function of taxation and macroeconomic variables that create wealth inequality such as wage 
disparities. This is important because inequality exacerbates macroeconomic volatility and 
arises from the dichotomy between the formal and the informal sectors of the economy. The 
informal sector comprise self-employed drivers and artisans, traders and farmers among 
others while the formal sector is populated by people employed by private businesses or 
public sector workers who receive wages based on some form of contractual agreements. 
There is a high correlation between the wages paid by the private sector and that of the public 
sector such that salaries in these subsectors move in tandem causing the gap/inequality 
between the formal and the informal sector to widen. To reduce the gap, the government must 
increase the income tax rate otherwise those in the informal sector would attempt to do it 
themselves by pushing up prices of goods and services such as prices of commodities and 
travel fares which create inflationary pressures in the economy. Again, higher wages in the 
formal sector increase disposable income as people tend to spend more resulting in a situation 
where more money chase few goods thereby pushing up prices. Applying the tools discussed 
in this study, the problem is solved by finding the optimal rate of taxation and wage policy 
that guarantee Pareto efficient allocation as well as the minimum level of macroeconomic 
volatility risk. 
A major limitation of the study is the small number of assets included in the portfolio. 
Future research could focus on an asset mix design and expand the sovereign‘s investment 
universe to include additional imperfectly correlated assets in the optimal portfolio 
construction. Moreover, the data sample period could be expanded to cover several years 
beyond the thirteen-year sample used. In this case, a regime-switching model would be more 
appropriate to capture the different regimes empirically observed in commodities time series 
over very long sample periods. 
Finally, this work has so far limited the focus to sovereign risk management in Ghana and 
therefore used assets and liabilities relevant to that country. However, the study has a much 
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wider economic policy implication for most developing countries as the models discussed in 
the various sections of the report could be adapted for macroeconomic volatility risk 
management in other commodity exporting countries.  
 
 
7.6 Concluding Remarks 
In this study, I have developed and implemented novel asset-liability management (ALM) 
models particularly useful for macroeconomic volatility management in commodity 
dependent countries. Consequently, the objectives set out at the beginning of the thesis have 
been achieved. 
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Appendices 
 
 
 
 
Appendix 1: Augmented Dickey-Fuller and Phillips-Perron Unit Root Tests 
 
The following table summarises the results of the unit root or stationarity tests performed on three commodities. 
The Unit root tests are performed on logarithmic prices of each asset series using the Augmented Dickey-Fuller 
method as well as the Phillips-Perron method. The lower section of the table shows the test results on asset 
return series. The null hypothesis is the existence of unit root, which is rejected if the test statistic lies outside 
the critical region (i.e. if test statistic is greater than the critical value at the 5% significance level). For negative 
figures, the decision is based on the comparison of the absolute values. Decision I(1) means the series are 
integrated of order one. I(0) means that the series are not integrated. 
 Significance level Critical Values     
 5% -2.86     
       
 Gold  
Futures 
Gold  
Spot 
Oil  
Futures 
Oil  
Spot 
Cocoa  
Futures 
Cocoa 
Spot 
Test Statistics of Log Prices        
Augmented Dickey-Fuller 0.080 0.078 -0.743 -0.981 -1.769 -2.052 
Decision I(1) I(1) I(1) I(1) I(1) I(1) 
       
Phillips-Perron 0.120 0.110 0.002 -0.989 -1.796 -1.993 
Decision I(1) I(1) I(1) I(1) I(1) I(1) 
    
Test Statistics of Changes in Log Prices (Returns)    
Augmented Dickey-Fuller -53.478 -54.143 -44.450 -53.300 -52.184 -58.582 
Decision I(0) I(0) I(0) I(0) I(0) I(0) 
       
Phillips-Perron -53.505 -54.161 -44.263 -55.276 -52.203 -58.563 
Decision I(0) I(0) I(0) I(0) I(0) I(0) 
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Appendix 2: Kwiatkowski-Phillips-Schmidt-Shin (KPSS) Unit Root Tests 
 
The following table summarises the Kwiatkowski-Phillips-Schmidt-Shin (KPSS) Unit-Root Test. The 
results of the unit root or stationarity tests are performed on three commodities just like in Appendix 1  
above except that here, the null hypothesis is no unit root. A test statistic greater than the critical values 
results in the rejection of the null hypothesis and leads to the conclusion of the presence of unit root. The 
KPSS unit root test is used in conjunction with the ADF or the Phillips-Perron to test that the series are not 
fractionally integrated. Decision I(1) means the series are integrated of order one. I(0) means that the series 
are not integrated. 
 
 Significance level Critical Values    
 1% 0.216     
 5% 0.146     
 10% 0.119     
 Gold Futures Gold Spot Oil Futures Oil Spot Cocoa Futures Cocoa Spot 
Test Statistics of Log Prices      
lag order       
0 29.2 29.3 17 16 25.2 12.3 
1 14.7 14.7 8.5 8.02 12.6 6.15 
2 9.83 9.85 5.67 5.36 8.43 4.11 
3 7.4 7.41 4.26 4.03 6.33 3.09 
4 5.94 5.95 3.41 3.23 5.07 2.48 
5 4.96 4.97 2.85 2.69 4.23 2.07 
Decision I(1) I(1) I(1) I(1) I(1) I(1) 
Test Statistics of Changes in Log Prices or Returns    
lag order       
0 0.024 0.024 0.058 0.038 0.084 0.035 
1 0.024 0.024 0.049 0.039 0.081 0.039 
2 0.024 0.024 0.046 0.040 0.082 0.040 
3 0.024 0.024 0.045 0.042 0.080 0.041 
4 0.024 0.024 0.044 0.042 0.080 0.041 
5 0.024 0.024 0.043 0.040 0.079 0.041 
Decision I(0) I(0) I(0) I(0) I(0) I(0) 
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Appendix 3: Engle-Granger Cointegration Tests 
 
This table summarises the Engle-Granger cointegration test results of the logarithmic spot and futures prices of 
three commodities. The null hypothesis is no cointegration. The results show that the null hypothesis is rejected 
at the 5% level for all three assets. 
 
  Gold Oil Cocoa 
Critical Value -3.341 -3.341 -3.341 
Test Statistic -52.145 -21.624 -6.004 
Decision cointegrated cointegrated cointegrated 
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Appendix 4: Autocorrelation Tests 
 
 
The figures below show evidence of autocorrelation in commodity returns (Gold Spot and Futures)  
 
The figures below show evidence of autocorrelation in commodity returns (Oil Spot and Futures)  
 
The figures below show evidence of autocorrelation in commodity returns (Cocoa Spot and Futures)  
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Appendix 5.A: OLS Parameter Estimates 
 
This table presents the parameter estimates and standard errors for the Ordinary Least Squares Regression 
forecasting model discussed in Chapter 3. The standard errors are in brackets. 
 
  Gold Oil Cocoa 
a0 0.0002 0.0004 0.0003 
 (0.0001) (0.0004) (0.0004) 
a1 0.7572 0.2039 0.0517 
 (0.012) (0.023) (0.022) 
Adjusted R-Square 0.5852 0.2634 0.01542 
 
 
 
Appendix 5.B: Vector Auto-Regression (VAR) Parameter Estimates 
This table presents the parameter estimates and standard errors for the Vector Auto-Regression forecasting 
model discussed in Chapter 3. The standard errors are in brackets. 
 
  Gold Futures Gold Spot Oil Futures Oil Spot Cocoa Futures Cocoa Spot 
a0 0.0006 0.0005 0.0004 0.0005 0.0003 0.00001 
 (0.0002) (0.0002) (0.0003) (0.0004) (0.0003) (0.0003) 
a1 -0.0063 -0.04492 0.04098 -0.0582 0.0134 -0.1142 
 (0.0292) (0.0269) (0.0148) (0.0186) (0.0567) (0.0145) 
a2 0.0085 0.5698 0.1785 0.2170 0.0270 0.74297 
 (0.0289) (0.0266) (0.0185) (0.0232) (0.0186) (0.0172) 
Adjusted R-Square 3.06E-04 0.1369 0.3680 0.2960 0.0032 0.397 
 
 
 
Appendix 5.C: Error Correction Method (ECM) Parameter Estimates 
This table presents the parameter estimates and standard errors for the Error Correction forecasting model 
discussed in Chapter 3. The standard errors are in brackets. 
 
  ρ β δ ψ Adjusted R-Square 
Gold  7.9E-05 (0.0004) 0.7562 (0.0098) 0.5634 (0.0152) -0.4445 (0.0153) 0.7191 
Oil 0.0004 (0.0004) 0.1780 (0.0231) 0.1856 (0.0231) -0.0654 (0.0184) 0.4804 
Cocoa 0.0001 (0.0003) 0.0324 (0.1721) 0.7527 (0.0172) 0.7427 (0.0172) 0.3972 
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Appendix 6: GARCH Parameter Estimates 
 
This table presents the parameter estimates and standard errors for the GARCH hedge ratio forecasting model 
discussed in Chapter 3 and Chapter 6. The standard errors are in brackets. 
 
 Gold Futures Gold Spot Oil Futures Oil Spot Cocoa Futures Cocoa Spot 
GARCH Parameters       
C0 0.0004 0.0005 0.001 0.0004 0.0003 0.0005 
 (0.000) (0.000) (0.045) (0.000) (0.000) (0.000) 
C1 -0.0195 -0.0183 -0.0194 -0.0406 0.0369 -0.0441 
 (0.020) (0.008) (0.397) (0.069) (0.025) (0.036) 
ω 0.000 0.000 0.000 0.000 0.0001 0.000 
 (0.000) (0.000) 0.003 (0.000) (0.000) (0.000) 
α 0.0255 0.0354 0.0622 0.0233 0.0816 0.0456 
 (0.007) (0.013) (6.539) (0.144) (0.050) (0.046) 
β 0.9685 0.9593 0.9091 0.9593 0.7576 0.9097 
 (0.008) (0.018) (12.794) (0.761) (0.203) (0.141) 
Akaike - 19,067 - 21,349 - 16,744 - 17,253 - 15,108 - 14,295 
BIC - 19,036 - 21,318 - 16,713 -  1,722 - 15,078 - 14,265 
Log Likelihood 9,538 10,679 8,377 8,631 7,559 7,152 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Appendix 
 
224 
 
 
 
 
 
Appendix 7: Copula-GARCH Parameter Estimates 
 
This table presents the parameter estimates and standard errors for the Copular –GARCH hedge ratio forecasting 
model discussed in Chapter 6.  The standard errors are in brackets. 
 
  C0 C1          ω           α β 
GARCH Parameters           
Gold Futures 0.0006 (0.000) -0.1874 (0.025) 0 (0.000) 0.0388 (0.018) 0.9578 (0.018) 
Gold Spot 0.0006 (0.000) -0.0969 (0.026) 0 (0.000) 0.0370 (0.011) 0.9599 (0.016) 
Oil Futures 0.0009 (0.001) 0.1679 (0.086) 0 (0.000) 0.0725 (0.752) 0.8861 (1.272) 
Oil Spot 0.0010 (0.004) -0.0072 (0.042) 0 (0.002) 0.0255 (1.231) 0.9521 (4.364) 
           
Copula Parameters ψ λ π Akaike BIC Log Likelihood 
Gold   1.3790 (0.018) -3.6326 (0.023) -0.1511 (0.026) - 37,658 -  3,741 18,832  
Oil -2.4588 (0.022)  0.3003 (0.210)  0.2150 (0.022) - 28,953 - 28,935 14,497   
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Appendix 8: GARCH-ECM Parameter Estimates 
 
This table presents the parameter estimates and standard errors for the GARCH Error Correction hedge ratio 
forecasting model discussed in Chapter 6.  The standard errors are in brackets. 
 
  Gold Futures Gold Spot Oil Futures Oil Spot Cocoa Futures Cocoa Spot 
GARCH-ECM       
C0 4.55E-05 4.52E-05 5.00E-04 3.23E-05 5.00E-04 2.20E-03 
 (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) 
C1 0.0001 0.0001 0.0003 0.0003 0.000 0.0015 
 (0.080) (0.006) (0.022) (0.014) (0.020) (0.051) 
C2 0.0532 0.05346 0.00122 0.0012 0.0002 1.2357 
 (0.0004) (0.022) (0.012) (0.0231) (0.016) (0.011) 
ω 1.03E-05 6.56E-05 1.59E-05 1.01E-05 3.00E-05 5.36E-05 
 (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) 
α 0.08344 0.0792 0.0326 0.0896 0.0524 0.0823 
 (0.005) (0.006) (0.130) (0.012) (0.013) (0.021) 
β 0.8487 0.8753 0.9424 0.8858 0.8797 0.7518 
 (0.005) (0.006) (0.264) (0.043) (0.032) (0.043) 
Log Likelihood 8372 8750 6845 3285 5894 7544 
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Appendix 9 Optimal Portfolio in Asset-Liability Model at k=0 and Gamma=5 
 
The following graphs present the results for the asset liability model where the liability importance 
parameter is set to zero. The results are comparable to the assets-only case while the results are much lower 
compared to the asset and liability case. The first graph presents the total portfolio demand, the middle one 
shows the results for the myopic demand component while the bottom one is the hedging demand. 
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